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Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the quadratic equation ax?+bx+c=0,

—b++/b*—4dac

2a

n n n n-1 n n-212 n n-ri.r n
(a+b)" =a"+ L] b+ 5 | bB*+..+| | +..+b",

Binomial Expansion

r

nj n n(n=1)...(n-r+1)

where 7 is a positive integer and ( =
r)or !(n — r)! r!
2. TRIGONOMETRY
Identities
sin?4 + cos?4 =1
sec?4 =1 + tan? 4
cosec?4 =1 + cot?24
sin (A + B)=sin 4 cos B+ cos 4 sin B
cos (A + B)=cos A cos B 7sin 4 sin B

tan 4 +tan B
l¥tan Atan B

sin 24 =2 sin 4 cos 4

cos24=cos*A—sin?4=2cos?A—-1=1-2sin*4

tan(4A+B)=

tan 24 = ﬂ
I-tan” 4
Formulae for A ABC
a b c

sind sinB sinC
a’>=b?*+ c? — 2bccos A

A = %absinC
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Oil is dripping into an empty inverted right circular cone at the rate of 16 cm? per second.

The height, # cm, of the cone is three-quarters its radius, » cm.

[Volume of a right circular cone = %x xxr’xh]

(a)  Show that the volume, V' cm?, of the cone is V = i zr . [1]

(b)  Calculate, at the instant when the radius is 8 cm, the rate of change of the radius. [3]
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2. The straight line 2x + y =1 intersects the curve x* —xy — y*> +5 =0 at the points 4 and B.

Show that the length 4B is 5\/5 units. [5]
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3. (a) Find i(2x —3)e™. [3]
dx
1
(b) Hence evaluate I 04xez" dx, giving your answers in exact form. [4]
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4.

The diagram shows a circle passing through the points P, O, R and S. Chord SQ and RP
intersect at 7. The straight line URV is a tangent to the circle at R. The tangent meets the line
SO extended at U such that RU = RS.

V. R " U
Q
S
P
(a) Show that triangle RQU is isosceles. [3]
(b) Show that angle SPT = 2 x angle QPT. [3]
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5.  The equation of a curve is y = (m -I-I)x2 —8x+43m, where m is a constant.

(a)  Inthe case where m = 1, show that the line y =1—4x is a tangent to the curve.
Find the coordinates of the point of contact. [3]

(b) Find the range of values of m for which the curve is above the line y = 5. [5]

[Turn over

FREE TEST PAPERS - FREETESTPAPER.COM


https://freetestpaper.com

(a) By using long division, show that 2x* +1 is a factor of 2x° —4x> +x—2. [2]

1lx—5x*—11

b Express
®) P 2x) —4x* +x-2

in partial fractions. [5]
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(a) State the amplitude and period of the graph of y =3sin % +1. [2]
(b) Sketch the graph of y = 3sin§ +1 for 0<x<4r. [3]
(c) By adding another suitable curve on your sketch, determine the number of
solutions of the equation sin > = 12 cos . [3]
2 3 2
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8.  The highest point on a circle C, is (2, 8). The equation of the tangent, 7, to C, at the point
(6,6)is 3y+4x=42.
(a)  Find the equation of C,. [6]

A second circle, C,, is the reflection of C, in the line T.
(b)  Find the equation of C,. [3]
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11

Continuation of working space for question 8(b).
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12

(a)  Show that the value of sin105°can be expressed as i( p+q), where p and g are

constants. [3]
(b)  Given that M = 2 and sin 4sin B # 0, find the exact value of
cos(4—B) 7
cot AcotB. [3]
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13

() Given that B is a reflex angle and cot B =3, find the exact value of cos2B. [2]

[Turn over
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10.

14

The diagram shows a container which consists of an open cylinder of radius » m and height
h m joined to a hemispherical bottom of radius » m. The container is to be made of thin metal
sheets of negligible thickness. The volume of the cylindrical part of the container is 300 m?.
[Surface area of a sphere of radius r = 477°]

(a)  Express & in terms of 7. [1]

(b)  The manufacturer bought metal sheets at $60 per square metre.
Show that the total cost, $C, of the metal sheets required to make the container is
given by
C =120 + 29000 [2]
r
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15

() Given that 7 can vary, find the stationary value of C and determine its nature. [6]
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16

11. B

il O~ D

The diagram shows a figure ABCD, in which BC =13 m, CD = 6 m, angle BAD =90°
and angle ADC = angle ABC =86.

(a) Show that the perimeter, L metres, of ABCD is given by

L=19+19cos@+19sin6. [2]
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(b) By expressing L in the form of 19+ Rcos(d — ), where R >0and « is acute,

find the maximum possible perimeter of ABCD. [4]
(c) Find the values of € for which L =45 m. [3]
[Turn over
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12. The diagram shows part of the curve of y = %xz —%ln(gjand P(3, 2.25) is a point on the

curve. y A

(a) By using calculus, determine, with full working, whether y = gx —1 is the equation

of the tangent to the curve at P. [5]
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19

(b) Differentiate xIn (g] —x with respect to x. [2]

(¢) Using the result from part (b), find the exact area of the region enclosed by the curve

y= %xz —%ln(g} the x-axis, the line x = 1 and the line x = 3. [3]
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2025 A Math Prelim Paper 1 Solutions

1. (a)

(b) dr 4
o _d o
de dr dr
37, 2 dr
16=—/(8) x—
(8) <

4
d_ 1 106 cms

dr_ 1
dt 3«7

Sub (1) into (2)
' —x(1-2x)—(1-2x)>+5=0
X —x42x  —1+4x—4x+5=0
—x"+3x+4=0
x*=3x-4=0
(x—4)(x+1)=0
x=4 or -1

y==7 or 3

Length = \/(4+1)2 +(—7—3)2

= /125

5\/5 units
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3(a)

(b)

d (2x—=3)e™ =2e +(2x—3)2e™
dx
=2 (1+2x-3)
=4e™(x—1)
j 46 (x—1) dx = (2x—3)e> +c
.[4xe2x dx —I 4e™ dx = (2x-3)e™" +c
J.4xezx dx =(2x-3)e™ + I4ezx dx+c
I4xezx dx =(2x-3)e™ +2e* +¢
I4xe2x dx=(2x-1)e* +¢
! 2x _ _ 2x
j Jdxe™ dx = [(2x-1)e™ ]

~¢ (1)

=e’+1

1
0

4(a)

ZRSU = ZRUS (RS =RU)

= ZURQ (alt seg thm)
ZURQ = ZRUQ
. ARQU is 1sosceles

(b)

ZRQOS =2/0RU (ext £ of a triangle, ARQU is isosceles)

ZRQS = ZSPT (angles in the same seg)
ZQRU = ZQPT (alt seg theorem)
S LSPT =2/ZQPT
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5(a)

2x* —8x+3=1-4x

2x* —4x+2=0
2(x-1)" =0
x=1

Since there is only one intersection point between the curve
and the line, the line is a tangent to the curve.

Or
Discriminant = (—4)2 —4(2)(2) =0

.. line is a tangent to the curve

Coordinates = (1, —3)

(b)

(m+1)x2 —8x+3m>5

(m+1)x2 —8x+3m-5>0

(-8)" —4(m+1)(3m—5)<0 and m+1>0
64—12m"* +8m+20<0 m>-—1
12m* —8m—84>0

3m*=2m-21>0
(3m+7)(m—3)>0

7
m<—§ or m>3

T m>3

6(a)

x =2
257 +1) 2 —4x? 4 x—2

—(2x3 + x)
—4x? -2
—(-4x* -2
0
. 2x> +1 is a factor since remainder = 0

(b)

11x—5x>-11 A  Bx+C

2 - T2
(x=2)(2x°+1) x-2 2x*+1
1x—=5x" —11=4(2x" +1)+(Bx+C)(x-2)
Sub x =2,

—9=94 = 4=-1
Compare x?,

-5=24+B = B=-3
Compare constants,

-11=4-2C =C=5
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1lx—5x*—11 1 5-3x

(x—2)(2x2+1) __x—2+2x2+1

7(a) | Amplitude =3
Period = 47 or 720°
® |,
4 4
17 /
Lo+
© |V
4 4
. X
=27 y=3sin=+1
1‘ /
o an 7
_2-
X
=—2C0S—
Y 2

3sin£+1:—2cosi
2 2

Sketch y =-2 cos%

Number of solutions = 2
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8(a)

Centre of C, =(2,y)

Grad of normal = %

.. Centre of C, =(2, 3)
Radius = 5 units
Equation of C,: (x—2)2 +(y—3)2 =25

(b)

Let the centre C, = (x, )

x+2 y+3
2= 1=(6,6
(2’2j(’)

x=10, y=9
Equation of C,: (x—IO)2 +(y—9)2 =25

9(a)

sin105° = sin(45° +60°)
sin 45° cos 60° + cos 45° sin 60°
_ LGHLJ V3
L 2) (L)l 2
_ 1+\/§
2\2
1
—Z(\/E‘F\/g)

(b)

cos(4+B) 2

cos(A—B) 7

cos Acos B—sin 4Asin B _2

cos Acos B+sin AsinB 7
7cos Acos B—7sin Asin B =2cos Acos B+2sin Asin B

Scos Acos B 1
9sin Asin B

cotAcotB:§
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(©)

tanB:% B
W
cos2B=2cos’* B—1 ]
3 2 -1
=2 ——=_| -1 J10
%)
]
or
cos2B=1-2sin’ B
2
:1_2(_Lj
J10
"5
or

cos2B=cos’ B—sin’ B

(%) )

_4
5
10@) | v = 7zr*h
300 = 7r?h
ML
nr
(b)

2

A=2mr* + 27[7’(@]
r

=271’ +@
r

C= 60(27rr2 ) + 60(@j

r

=120zr" + 36000 (Shown)
14
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(©)

36000

r

9 407y 200

dr r
ac _
dr

C=1207r" +

0
36000

2
r

= 2407xr—

36000
=

2
r

i 36000
2407
S r=3.6278=3.63

=2407xr

4 240 - 39000

dr r

d°C ) 40,4 72000

2
dr r

When r =3.6278,
C =14884.9=14900
d*c

2
r

or

When r =3.6278,
C =14884.9 =14900

0

> (0 = Minimum cost

X 3.63° 3.63 3.63"
ac _ 0 "
dr

slope AN e

‘. minimum cost
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11(a) | L=13+6+ 4D+ AB
=19+6cos@+13cos@+6sinf+13sin
=19+19cos@+19sind

b) | r=J19* +19* =722

tan”' (a)=1
a =45°
L=19+/722cos(0-45")

Max L= 722 +19=459m

(© \/72_2c0s(0—45°)+19:45
c0s(0—45°)=£

\722

Basic angle = cos™' (ij

722

=14.620°
0—-45° =-14.620°, 14.620°
-.0=304°,59.6°

12(a)

4 .
Hence y = gx —1 is not a tangent to the curve at P.

G EEOHREE
ol

© Area = r{l x* —lln [fﬂdx
14 2 3
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Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the quadratic equation ax?+bx+c=0,

. —b++b* —4ac

2a

n n n n—-1 n n-212 n n—rir n
(a+b) =da"+ e b+ 5 | B*+..+| |a""b +...+b

Binomial Expansion

r

n} n! n(n=1)...(n—r+1)

r _r!(n—r)!_ r!

where 7 is a positive integer and [
2. TRIGONOMETRY
Identities
sin?A4 + cos?4 =1
sec24 =1 + tan? 4
cosec?4 =1 + cot?4
sin (4 = B) =sin A cos B+ cos 4 sin B
cos (A + B)=cos A cos B 7sin 4 sin B

tan A+tan B
l1¥tan Atan B

sin24 =2 sin 4 cos 4

cos24=cos?A—sin?A4=2cos?A—-1=1-2sin*4

tan(4A+B)=

tan 24 = %
1-tan” A4
Formulae for A ABC
a b c

sind sinB sinC
a?=b?*+ c? — 2bccos A4

A= %absinC
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In an experiment, 5 million cells were stored in a container. It was observed that 40% of the
cells are dying every minute. The number of cells remaining, N, after # minutes, is given by

N = Ae", where A and k are constants.

(a) Explain why k£ =1In % [2]
(b) Find the time taken when the number of cells decreases to 2000. [3]
[Turn over
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(a)  Use the substitution u = 7", solve the equation 7*** —4(7"*1 ) —5=0 and show that

the solution may be written in the form log, b—1 where a and b are integers to be
determined. [4]

(b)  Solve the equation log,(2x—1)—log,(x* +2) =log, 5. [5]
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3. A curve has the equation y =x" —3x” +3x—7.

(a) Find the coordinates of the stationary point on the curve. [3]
(b) Observe the changes in the sign of the gradient of the curve and determine the nature of
this stationary point. [2]
[Turn over
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A tank is firing rounds during a target practice. The height, # metres, of a projectile above the
ground during flight is governed by the equation 2 =2+ ﬂt —Lt2 , Where ¢ is the time in

seconds for the projectile in flight.

(a)  Express / in the form a+b(¢ —c)z, where a, b and ¢ are constants to be determined.

(2]

(b)  Hence state the maximum height attained by the projectile and the time at which this
occurs. [2]

() Find the length of time for which the height of the projectile is at least 32 metres
above the ground. [3]
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(a) When the expression x° +2kx +2 is divided by x + 2, the remainder is 3 less than

the remainder obtained when the expression is divided by x — 1.
Find the value of £. [3]

(b) Solve the equation 2x’ —5x* —3x+10 =0, expressing non-integer roots in exact
form. [4]

[Turn over
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6
6. (a) By considering the general term in the binomial expansion of [x“ - Lz] ,

where £ is a positive constant, explain why there are only even powers of x in

this expansion. [3]
1Y, 5
b Given that the term independent of x in the binomial expansion of | x* —— | is —,
P o) 27
show that £ is 3. [2]
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2

6
(¢)  Hence find the term independent of x in (2 —3x° )(x4 —~ Lj . [4]

[Turn over
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A particle, P, travels in a straight line so that at time ¢ seconds, its velocity, v m/s, is given by

T T
v=cos(—t+—).
Zi+y)

The initial displacement of P from a fixed point O is 1 m.

V4
(a) Find the initial velocity of P, giving your answer in exact value. [1]
(b) Find the first two values of # when P comes to instantaneous rest. [3]
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11

(c) Find the distance travelled by P in the first 4 seconds. [4]

[Turn over
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(@

(b)

12

Prove that sin’ xsec” x +sin x = tan xsec x.

Solve the equation sin® xsec’ x+sinx =35 for 0 < x <360°.
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Continuation of working space for Question 8.
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9.

14

(a)(i) Find the equation of the normal to the curve y = at the point where the curve

meets the y-axis. [4]

(a)(ii) Determine, with explanation, whether y is an increasing or decreasing function
for x >2. [2]
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15

2
(b) A curve is such that dy_ (3x+ l)zand the point Q (2, 36) lies on the curve. The

dx?

gradient of the curve at Q is 45. Find the equation of the curve. [5]

[Turn over
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10.

16

The number, n, of a certain type of bacteria increases with time ¢ minutes.

Recorded values of n and ¢ are shown in the table below.

It is known that » and ¢ are related by the formula n =n, ( 2)kz , where n, and k are constants.

(@)

t

2

4

6

8

10

n

3215

3446

3693

3959

4243

Explain how a straight line graph can be drawn to represent the formula and draw it
for the given data.

FREE TEST PAPERS - FREETESTPAPER.COM
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Use your graph to estimate

(b) the initial number of bacteria, (2]

(c) the value of £, [2]

(d) the time taken for the number of bacteria to increase by 25%. [2]
[Turn over
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A6, 8)

The diagram shows a trapezium with vertices 4(6, 8), B, C and D.

The sides AB and DC are parallel and angle ABC is 90°.
AB passes through the origin O and the length of AB is 15 units.
The points C and D lie on the y-axis and x-axis respectively.

(a)  Show that the coordinates of B are (-3, —4).

FREE TEST PAPERS - FREETESTPAPER.COM
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(b) Find the coordinates of C and of D. [5]

() Find the area of the trapezium ABCD. (2]
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2025 A Math Prelim Paper 2 Solutions

1@ | 60 4
100

or

3000000 = 5000000¢*

In 3000000 = In(5000000¢" )
In 3000000 = In 5000000 + In
In 3000000 = In 5000000 + k

k =1n3000000 —1n 5000000 = In %

(b) (w2)
2000 = 5000000¢" °

3 2000
In-|[t=In—----
5 5000000

1
In| ——
= (2500)
ln(sj
5

t=15.3 min

22) | 494° -28u-5=0
(7u —5)(7u +l) =

=log,5-log, 7
=log,5-1
Or
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7 =2
7

5
xlg7=1g—
g g7

()
x= AT log, 3 [log, b= M]
g7 7 log, a

Note: lgd #1g(A—-B)
lgB

2(b)

log,(2x —1) —log,(x* +2) =log,, 5
log,(x*+2) _ 1
log, 9 2
2log,(2x —1)—log,(x* +2) =1
(2x-1°

3
X +2

log,(2x-1)—

log log, 3

(2x—1)2_
2+2
4x* —4x+1=3x>+6
x’—4x-5=0
(x—S)(x+1):O

x=5 or x=-1 (reject)

3

3(a)

=3x"—6x+3=0
=3(x-1)’=0
x=1,y=-6

Coordinates of the stationary point are (1,—6).

(b)

X 1 1

l+

dy
a + 0

+

— —

7
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(1,—6)1s a point of inflexion.

4

(@) h =2+ﬂt—L12
5 250
1

:—ﬁ(ﬂ—zooz)u

— L 100 —1002 ]+ 2
250[( ) }

=—ﬁ(z—1oo)2+40+2

1 2
=42——(¢+-100
250(t )

(b) | Max height =42 m

Time =100 s

© Lm0y =32
250

1 2
—(£-100)" =10
250\ 7100)
(1-100)" =2500

t=100%50
t=150or 150
..length of time = 100s

Or

22-—L (1-100) 232
250

(1-100)" <2500
[(1-100)-507 | <0
[(1=100)+50][ (-100)-50]<0
(t-50)(t-150)<0

50<¢<150

Duration=100s
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5@ | f(x)=x"+2kx+2
£(-2)=(-2) +2k(-2)+2

= —6-4k
£F(1) =(1) +2k(1) +2
=2k+3
—6—4k=2k+3-3
6k =—6
k=-1

(b) f(x)=2x"—5x -3x+10
f(2)=2(2) -5(2)° -3(2)+10

=0
. (x —2) is a factor
2x3—sz—3x+10:(x—2)(2x2+bx—5)
Compare x>, —5=-4+b

b= -1

f(x):(x—2)(2x2—x—5)
When f (x) = 0.
x—2=0 or 2x*—x-5=0

1 1m4(2) ()

x=2 or xX=
4

1+41

4
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6(a) 6), ,\or 1Y
oo ()

Powers of x =24 — 6r

Since 24 and 6r are even numbers,

subtraction between even numbers will give an even number.
.. there are only even powers of x in this expansion.

(b) 24—-6r=0
r=4

() 24— 6r =-6
r=>5

6 5
Coefficient of x*= _1 - 6 - 2
5 3 243 81

6
For the expansion (2 —3x° )(x“ - kxij
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7(@) | When¢=0,
v:coszzﬁ m/s
6 2
(b) When v =0,
T T
cos(—t+—)=0
(4 6)
T T T T 7 3x
—t+—=— or —ft+—=—
4 6 2 4 6 2
z‘=ﬂ or E=1.33 or 5.33
3 3
T 7
cos(—t+—)=0
(4 6)
T T 7 T 7w 3r
—l+—=— o —f(+—=—
4 6 2 4 6 2
t:ﬂ or E:1.33 or5.33
3 3
(c)

T T
s=|cos(—¢t+—) d¢
I (4 6)

4 . 7
s =—sin(—t+—)+c
T 4 6

When ¢ =0, s:l,
V4

4(. 72)
=—|sin— |+c
T T 6

1 4(1}
—=—| = |+c
T 7m\2

| —

1 2 1

cC=———=——

Y/ T
ns=2sinZir oL
T 4 6 T

Whent=0 s= lrn=0.31830 m

T
When t=ﬂ s =i(sin£j—l = im or 0.95492 m
3 /4 2 T T
Whent=4 s =i[sin7—”J—l = —i or —0.95492 m
T 6 T T
Total distance travelled = 2 + i + i = § or 2.55m
T T T T
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8(a)

LHS =sin® xsec” x +sin x

. 1 )
=sin’ x — |+sinx
cos’ x

=tan® xsin x +sin x
= sinx(‘[an2 x+1)

=sin xsec’ x

. 1
=sinx 5
Cos” x

=tan xsecx
= RHS (shown)

(b)

tanxsecx =95

sin x 1
=5
cosx\ cosx

sin x

=5

cos’ x
sinx = 5(1—sin2 x)
5sin’x+sinx—-5=0
—1+4/(1)* —4(5)(-5)

2(5)
sinx=0.90498 or —1.10498 (NA)
Basic angle = 64.8215°
x=64.8°,115.2°

sinx =
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9(a)(i)

_2x-6
r= x—2
dy _ (x=2)(2)-(2x-6)1)
dx (x=2)°

_ 2
(x-2)

When the curve meets the y-axis, x =0

dy 2 1

dr (0-2) 2

Gradient of normal = —2

x=0,y=3

Equation of normal is

y=3=-2(x-0)

y=-2x+3

9(a)(ii) | Forx>2, x—2>0,

=((x-2)">0

Since & = ( 22)2 >0 for x >2, y is an increasing function.
X—
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9b

3x+1)
= +C
(3)3)
(3x+1)
= +C
9
F o5, x=2,
45=2% ¢
9
c=%
9
dy (3x+1) 62
dx 9 9
3x+1
25
9 9
3x+1)
y—(x ) 6—2x+D
108 9
36=&+E+D
108 9
__ b

108
o (3x+1) 62 1
YT 08 T 9 T 108
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Solution 1

10(a)

n=mn, (2)kt
lgn=Ilgn,+(klg2)s

Draw a straight line of Ign against ¢.

t 2 4 6 8 10
lgn 3.51 3.54 3.57 3.60 3.63
Best fit line
(b) | Ign, =3.48
n :10348
= 3020
() klg2 = 3.584-3.48
k =0.0494
(d)

lg[1.25(10°*)]=3.58
t=6.7 (6.6 -7.2)
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3.7

3.6

34
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Solution 2

10(a)

n=mn, (2)kt

Inn=In(n,)+(kIn2)¢

Draw a straight line of In»n against ¢.

t

2

4

10

Inn

8.08

8.14

8.21

8.28

8.35

Best fit line

(b)

Inn, =8.00
n =e
= 2980.957
= 2980

(©)

(d)

kln2 =

k =0.050494
=0.0505

8.35-8.0

1n[1.25(e8 )] =8.223

t=6.3

(6.0 - 6.6)
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Inn

8.3

8.1

8.0

7.9
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11(a) | Let B= (x, y)

Distance AB = \/(36—6)2 +(y—8)2 =15
(x—6) +(y—8)" =225 - (1)
Grad 4B = 4
3

Equation of 4B: y = gx ------ (2)

2
Solving, ()6—6)2 +(§x—8j =225

éxz—@x—US:O

9 3
xP—12x-45=0
(x+3)(x—15):O
x=-3 or x=15 (re))
y=—4

SB=(-3,-4)

Or
Distance O4 = /6> +8% =10 units
Distance OB = 5 units
LetB= (x, y)

By ratio theorem,
5(6)+10x_0 5(8)+10y

>

15 15
~.B=(-3,-4)
(b) Grad BC = —i
y=—=x+c

—4:—3(—3)+c AN
4 4

Coordinates of C = (0,—?)

Let D= (x,0)
25
4 _

x 3
75
X=—
16

Coordinates of D = (%, OJ
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(©)

75
16

6 -3 0 6

Area = % 55
8 4 — 0 8
4

! —24+E+E— —24—18&
4 2 64

_475 or 422 or 42.8 units’
128 128

or

Area=%(AB +CD)(BC)

1(. . 125)(15) 5475
=15+ =2 || 2 |=222
2 16 )L 4) 128
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