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Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the equation ax” +bx +c =0,

X

_ b= \Vb* - 4ac
2a
Binomial Expansion

n n h n-1 n n-2 12 n n-r p.r n
(a+b) =a" + a b+ a’~t b+ ..+ a’b +..+b
1 2 r

r] ri(n-r) B r!

n)= n! n(n-1)..(n-r+1)

where n is a positive integer and (

2. TRIGONOMETRY

Identities

sin A+ cos” A = 1
sec? A =1+tan’ A
cosec’A=1+cot’ A
sin(A + B) = sin Acos B + cos Asin B
cos(A + B) =cos Acos B¥sinAsin B
tan(A + B) = tan A +tan B
1 Ftan Atan B
sin2A = 2sin Acos A
cos2A = cos> A —sin? A =2cos’A—1=1-2sin’ A

tan2A=ﬂ
1 —tan2 A

Formulae for A ABC
a b _c
sinA sinB sinC
a’=b*+c*-2bc cosA

1
=—absin C
2
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Answer all the questions.

()] It is given that f(x) = xt—px*+7x>+x—qghasa quadratic factor x> —2x = 3.

Show that p = 5 and g = 12. [5]
(i)  Hence, solve the equation x* — px® + 7x*> + x — ¢ = 0. [3]
[Turn over
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(a) Without using a calculator,

find the integer value of (51g2) (21g3) (51g9) (21g6). [3]

(b)  Given that log, y2) =4 —log 5 x, express y in terms of x. [3]
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(¢)  Solve the equation 2e* =3 — 5v/e*. [4]

[Turn over
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A metal cube is heated to a temperature of 205 °C before being dropped into a liquid. As
the cube cools, its temperature, T' °C, ¢ minutes after it enters the liquid is given by
T = K + 175¢™™ where K and m are constants.

(i) Show that the value of K is 30. [1]

When ¢ = 3, the temperature of the cube reaches 128 °C.
(ii) Find the value of m. [3]
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(iii)  Find the rate at which the temperature of the cube is decreasing at the instant

when t = 8. [3]
(iv)  Explain why the temperature of the cube can never fall below 30 °C. [2]
[Turn over
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(@)  Inthe expansion of (2 + x2) (% — ax)s, there is no term in x. Given that a # 0,

find the value of the constant a. [5]
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5
(b)  Write down and simplify the first three terms in the expansion of (2 + x—;)

in ascending powers of x. Hence find the estimated value of (2.005)°, showing

all your workings clearly. [4]

[Turn over
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The diagram shows a circle passing through the vertices of a triangle ABC. Points D and
E are the midpoints of AB and AC respectively. The tangent to the circle at C meets DE
extended at the point T'. Prove that points A, D, C and T lie on a circle. [5]
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The expression 3cos @ + 5sin @ 1is defined for 0 < 0 < % radians.

(@) Express 3cos @ + 5sinf in the form Rcos(f — a), where R > 0 and « is an acute
angle in radian. [2]
Hence,
(ii) solve the equation 3cos @ + 5sinf = 4, [2]
Py .. 1 [2]
iii
(iii)  find the minimum value of Goos 0150l
[Turn over
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(@)

(b)

12

The mass, y mg, of a radioactive substance decreases with time, x hours, after the
start of the experiment. The research analyst claims that the data can be modelled
by an equation of the form x?y = a + bx?, where a and b are constants. Values of
y for different values of x have been collected. Explain how a straight line graph
can be drawn to represent the formula, and state how the values of a and b could

be obtained from the line. [4]

The table shows experimental values of two variables R and ¢.

t 10 20 30 40 50

R 2.32 2.79 3.31 4.74/1 4.90

It is known that R and ¢ are related by the equation R = Ry(37*"), where R,
and k are constants. An error was made in recording one of the values of R.
(i)  PlotIn R against 7 and draw a straight line graph to illustrate the

information. [2]
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[Turn over
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(b) (i) From your straight line graph, identify the incorrect reading and suggest a

corrected value for R. [2]

(iii)  Use your graph to estimate the values of R, and k. [3]
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(@  Giventhat [*f(x)dx = 14 and /] f(x)dx = 8, find

M () dx, [1]

(i) [O(4x - 3f(x)) dx. [2]

(b)  Itis given that f(x) = In(sin 2x). Show that f"/(x) + [f'(x)]* +4 = 0. [5]
[Turn over
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16

The diagram shows a garden plot designed in the shape of a trapezium OPQR inscribed
in a quadrant OPQS with a fixed radius x metres and angle QOR = 0 radians.

P

X m

\6’ ]
0 R S

(i) Show that the area, A m?, of trapezium OPQR is given by
A =1x(sin 20 + 2 cos ). [3]
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(ii) Given that 6 can vary, find

(a) the value of  for which A has a stationary value. [3]

(b) the stationary value of A at x = 10 and determine whether it is a

maximum or a minimum. [2]

[Turn over
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10 The diagram shows part of the curve y = %, y=mand x = 37” The curve y = % cuts the

line y = z at P and cuts the line x = 37” at Q.

>
[\

\ P

7

i

(>i) Find the coordinates of P and of Q in terms of x. [2]
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(ii)  Find the area of the shaded region bounded by y = % , V=@, x = 37” , the y-axis and

the x-axis. [3]
2
(iii)  Explain why the area of the shaded region is between 5 units? and % units?.  [1]
[Turn over
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20

A particle, travelling in a straight line, has velocity, v cm/s, given by v = 31> — pr + 4,
where p is a constant and ¢ seconds is the time after passing through a fixed point O. The
particle comes to instantaneous rest when ¢ = 2.

(i) Show that p = 8. [1]

(ii)  Find the range of values of ¢ during which the particle moves in the positive

direction. [3]
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@iii) Find the minimum velocity of the particle. [3]
(iv)  Calculate the total distance travelled by the particle for the first 3 seconds. [3]
----- End of Paper ---—--
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ANSWER KEY

lii x=3andx = -1 7bi
(need to show rejection for other 2 roots)
InR InR = (=kIn3)t +InRy
2a 18
2¢c —In4or —2In2o0r —1.39 (3s.f)
3ii 0.193 (3 s.f)
3iii 7.21°C per minute
3iv | Since e7019327t > 0 forz 20, 7bii R = 4.74 is the incorrect reading
175e7019327¢ > 0, 4.06 (3 s.f)

30 + 175e70-19327t > 30
Therefore, T > 30

Hence the temperature of the cube can never fall below

30°C.
4a a=0 (rejected) ora = i 7biii . 0}1%)6626 80'66 = 1.93 (3 Sf)
k = T (find gradient from graph)
= —0.0170 (3 5.f)
4b 32.402 or 32.4 (3 s.f) 8a | (i)6 (ii) 28
5 By midpoint theorem, DE is parallel to BC. 8aii 28
Thus, 4ADE = AABC. (corresponding angles) Oiia T rad
6
By tangent-chord theorem, 9iib A = 65.0 cm? (3 s.f)
#4BC = ECT 15t or 2™ Derivative test to show max 4
Since 4ADE = 4ECT, 10i p(i n) Q(3_” E)
they are angles in same segment, n’ 2'3m
hence, points A, D, C and T lie on a circle. (shown)
6i 5.83 cos(6 — 1.03) (3 s.f) 10ii 10.4 units®> (3 s.f.)
6ii 0.215 or 0.216 rad 11ii OSt<% ort>2
6iii 1 1iii —§ cm/s or —1.33 em/s (3 s.£)
35
7a Rearrange the given formula into a straight-line graph 11iv 10
equation as follows, x*>y = bx* + a where x?y is plotted 5 27 cm or 5.37 cm (3 5.f)

against x2. When line is drawn, the value of b is the
gradient and the value of a is the vertical intercept of
the graph.

Alternatively,

y=a (x—lz) + b where y is plotted against xiz
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Mathematical Formulae

1. ALGEBRA

Quadratic Equation
For the equation ax’ +bx+c= 0,
~b++b* —4ac
2a

X =

Binomial Expansion

(a+b)":a"+( '11 ]a”‘b{ ; ja“b2+... +( " ]a’”b%... +b"
r

_n!_nn=1).. (n-r+l)

Crl(n-r) !

where 7 is a positive integer and ( d ]

2. TRIGONOMETRY

Identities
sin® A+cos* A=1
2 2
sec-A=1+tan" 4
cosec’A=1+cot* 4

sin(A + B) = sin Acos B + cos Asin B
cos(A + B) =cos Acos BFxsin Asin B

tan A + tan B
1 Ftan Atan B

tan(A + B) =

sin24 =2sinAcos 4

cos2A = cos? A —sinfA=2cos’A—1=1-2sin* A
2tan A

tan2A = ———
1—tan2 A

Formulae for AABC
a b c

sin 4 B sinB B sinC
a*=b*+c¢*—2bccos A

A:lbcsinA
2
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Answer all the questions.

1 A parallelogram of length AB <\/€ - 1) cm has an area of <2 6+ 3) cm?,

D “ C
7

—

A B

Without using a calculator, find the perpendicular height, 4, in the form

<a + b\/g > cm, where @ and b are integers. [3]

Perpendicular height h
_2¢/6+3

V6 -1

_2V6+3 6+ 1

CVe-1 6+1

_12+3+5v%

(34 vB) em

[Turn over
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2 The function f is given by f(x) = sin® 2x tan 2x.

)

(i)

Find f'(x).

[2]

£/(x) = (2'sin 2x)(2 cos 2x) tan 2x + sin® 2x (2 sec” 2x)
= 4(sin 2x cos 2x) tan 2x + 2 sin® 2x (sec2 2x)
= 4 sin? 2x + 2 tan’ 2x

Explain why f'is an increasing function for 0 < x < %

[2]

Given O<x<2—[

sin? 2x > 0 and tan® 2x > 0,
hence 4 sin” 2x + 2 tan?2x > 0 = f'(x) > 0.

Since f’(x) > 0, f is an increasing function.
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The equation of a curve is y = (4 + p)x? — 2x + p, where p 1s a constant.
The curve has a maximum point and intersects the line y = 2x — 1.

Find the range of values of p. [5]

G+px?—2x+p=2x—1
G+px?—dx+p+1=0

a=4+pb=—-4,c=p+1

Since the curve intersects the line, b? —4dac >0

16—44+p(p+1)>0

4—(p*+5p+4) 20

—p*=5p>0

P’ +5p<0

p(p+35) <0
-5<p<0

Since curve has a maximum point, p+4 < 0
p<-—4

Hence

[Turn over
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6
Show that the curve y = —x? + (m + 4)x — (m2 + 6) is always negative for all real

values of m.

[3]

Discriminant = (m + 4)* — 4(=1)(-m* — 6)
=m® +8m+ 16 — 4m* — 24
= —3m* +8m—38

2
Since <m — %) > 0 for all real values of m,

4\2
—3( ——) <0
mT3

Since b* — 4ac < 0 and coefficient of x? is negative,
y=—x>+m+4)x — (m2 + 6) is always negative for all real values of m. (shown)
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ALTERNATIVE
Q:—2x+m+4
dx
=0
2x=m+4
m
=—+2
)
Atx=7+2
2
:_<m_+4> +(m+4)<m—+4>—m2—6
. 2 2
= (m* +8m+16) —m* - 6
=—m’+2m-2
——%<m2—§m>—2

2
Since <m — %) > 0 for all real values of m,

(-3
—2(m=-2) <
4’1 3) <0
3( 4) |
RN P A L)
2\" 73 3°

.. y — coordinate < O

Since the y-coordinate of the turning point is negative and the graph has a maximum point,
y=—x>+m+4)x - (m2 + 6) is always negative for all real values of m. (shown)

[Turn over
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ALTERNATIVE

y:—x2+(m+4)x—(m2+6)
= —[|x* = (m+4)x| - (m* +6)

i VIR

2 2
—<x—m—+4> +mT+2m+4—m2—6

2
2 2
:_<x_m;4> —3’: +2m—2
y-coordinate of maximum point is
3m?
- T + 2m — 2

Discriminant of this function

24y

=4-6

=-2<0

Since discriminant of function is less than zero, and coefficient of m? is negative,
the y-coordinate of maximum point is always negative.

Therefore, = —x? + (m + 4)x — (m2 + 6) is always negative for all real values of m.
(shown)
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9

The line 4y = 5x — 6 cuts the curve x + 4xy — 3y = 7 at the points P and Q.

Find the length of the line PQ in the form a\/g, where a and b are integers.

[6]

5x=4y+6
4y | 6
:—+————1
YEETS n
Xx+4xy=3y>=7———=(2)

Substitute (1) into (2) :

4y 6) 2
4+ )1 +4y)=3y"=7
(5 5 ( y) —3y

(4y + 6)(1 + 4y) — 15y* = 35
16y> + 28y +6— 15> —35=0
2 +28y-29=0
y-D(y+29)=0
y=1lor—29

x=2or—22

Point P is (2,1) and Point Q is (=22, -29).

Length of line PQ

= \/(2 —(=22))% + (1 +29)2
= /1476
= 61/41 units
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x4+x2-10x=22

6 . . . 7
Express =Dt 1)2 in partial fractions. [7]
(x = 3)(x + D = (x = 3)(x* + 2x + 1)
=x>—x2-5x-3
1
- x® = 5x — 3|3+ X2 - 10x - 22
- - x* - 5x - 3
2x2 — S5x - 19
x3+x2—10x—22_1+2x2—5x—19
(x = 3)(x + 1)2 (x = 3)(x + 1)2
2x% = 5x — 19 A B C
Let = +
(x=3)x+1)? x-=3 x+1 (x+1)?
A+ D2+ Bx=3)(x+ 1)+ C(x = 3)
B (x = 3)(x + 1)2
2x2—5x—19=A(x+ 1>+ B(x = 3)(x+ 1) + C(x — 3)
Sub x = -1
2=1)?=5(-1)=19 = C(~=1 = 3)
~12 =-4C
c=3
Subx =3
232 =5(3) - 19 = A3 + 1)*
—-16 = 164
A=-1
Subx =0
—19 = A + B(-3)(1) + C(-3)
—19=-1-3B+3(-3)
3B=9
B=3
Hence
x>+ x%2 = 10x =22 1 3 3
=1- + +
(x = 3)(x + 1)2 x=3 x+1 (x+1)?
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. 1 1
(i) Prove that — —— = cot x. (4]
cosec x—cotx sinx
1 1
LHS = — —
cosecx —cotx sSinx
_ 1 1
I cosx sinx
sinx sinx
__sinx 1
I —cosx sinx
_sinx (1 +cosx) 1
1 —cosZ x sin x
_sinx (1 +cosx) 1
sin? x sin x
_I+cosx 1
sin x sin x
=cotx
= RH.S (shown)
) 1 1 2
(ii) Hence solve the equation - = =cot " x —2 for0 < x < 2rx. [4]
cosecx—cotx sSinx

cot x = cot® x — 2
cot’x —cotx—2=0
(cotx —2)(cotx+1)=0

cotx=-—1 or cotx=2
tanx = —1 or tanx =0.5
x=ET% o Basic angle = 0.46364

T 474
x = 0.464,3.61 radians (3 s.f.)
x = 0.464,2.36,3.61,5.50 radians (3 s.f.)

[Turn over
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.o.d
(i) Find d_x (x7 In 7x). [3]

;
(;ix (x7 In 7x) =7x°In7x + %

= 7x%In7x + x°

(i) Hence find / x°1In 7x dx. [4]

/di(x7ln7x) dx:/7x6ln7x+x6dx
X
x71n7x:/7x61n7xdx+/x6dx

X7
= /7x6ln7xdx+7+ (9]
, where ¢ is an arbitrary constant
7
/7x6ln7xdx = x"In7x —x7+ Cy

, where ¢, 1s an arbitrary constant
7 7
6 x'"In7x x
x’In7xdx = ——+c
/ 7 49 3
, where c3 is an arbitrary constant

6 _ x'In7x  x’ .
(Accept [ x°In7xdx = ———ptcas students may only integrate at the final step.)

(iii) Without additional working, write what the integral will be for x*~!1nkx,

where k is an integer. [1]

x“lnkx x*

——+Cy,
kK2
where ¢, 1s an arbitrary constant

X Mnkxdx =

Similar to part (ii), accept
k

k
- In
xk llnkxdxzx kx_x_+c,
k k2
where c is an arbitrary constant.
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9 A curve has equation y = 0.2x° + 3x> — 10x.

)

It is given that P is a point on the curve where the gradient is a minimum.

(i)

Find the x-coordinates of the stationary points, 4 and B, on the curve.

[4]

dy

dx:x4+9x2—10

For stationary points,
x*+9x*—10=0
(x*+10)(x*—1) =0
x=1lorx=-1 orx*=-10
(rej. as x% # —10)

The x — coordinates are x = 1 and x = —1.

Show that P and the midpoint of 4B are the same point.

[4]

x=lorx=-1
y=—6.80r 6.8
Midpoint of AB = (1 —1 68+ 6.8>
2 2
=(0,0)
Let m:x4+9x2_10
d_m:4x3+ 18x
dx

For max./min. gradient, Z—Z’ = 0.
2x(2x2 + 9) =0
x=0 or 2x>+9=0 (rej. as 2x> # —9)

=>y=0
2
‘2—”21_12%18
X
Subt. x = 0, ‘;27’;’:18>0

Therefore, P = (0, 0) is a point on the curve where the gradient is a minimum.

Since the midpoint of AB = (0, 0), P and the midpoint of AB are the same. (shown)
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10 Points P(—6,—12) and O(2, —20) lie on a circle C; with centre 4.

The line 7y + 4x + 87 = 0 passes through the centre of the circle.

)

(i)

Find the coordinates of 4 and the radius of the circle, C;.

[5]

—6+2 —12+(=20
MidpointofPQ=<62+2, *( )>

= (-2,-16)
Gradient PQ = —12420 _ 4
—6-2
Equation of perpendicular bisector of PQ is
y+16 =1(x+2)
y=x—-14—-—-—-(1)
Ty+4x+87=0—-—-—-(2)

Substitute (1) into (2) :
Tx—98+4x+87=0
x=1=>y=-13
A=(1,-13)

Radius = /(1 22 + (~13 - (-20))

=V12+7?
:\/%

= 54/2 units

Hence find the equation of the circle C;.

[1]

(x =D+ @+13)? =50

(iii) Another circle C, is obtained by reflecting circle C; in the line y = x.

Find the equation of the circle, C,.

[2]

New centre = (—13,1)

Equation of circle C, is
(x+ 132 +(y-1)?=50
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A spherical scoop of ice cream with radius x cm rests on top of an inverted cone with
height 18 cm and radius 7.5 cm.

As the ice cream scoop melts, the radius of the ice cream scoop decreases at a constant

rate of 0.00167 cm/s.

(i) Assuming that the scoop of ice cream retains its shape, find the rate at which

the volume of the ice cream scoop is decreasing at the instant when x = 8. [3]
V = §7[x3
av _ 47x?
X
dv _dv. dx
dt — dx adt
‘Z—It/ = 42x3(=0.00167)
Atx = 8,% = —1.34309
= —1.34cm’/s (35.1.)
Volume of the ice cream scoop is decreasing at a rate of 1.34 cm® per second.

[Turn over
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(i) Show that the volume of the melted ice cream in the cone, C,is C = 428—72[ h3,
where 4 cm is the depth of the melted ice cream in the cone. [1]
Let radius of cone be 7,

Given radius is 7.5 cm and height is 18 cm,
h_18
r 75
5
=—h
"I
C= %m’zh
1 (5 ,)\?
. ._h>
3" <12 h
257 3
=——h’ (sh
ED) (shown)

(iii) The cone was observed to be 12% filled at some point in time. It is given that
the rate of increase of the volume of melted ice cream in the cone is the same
rate as the rate of decrease of the volume of the ice cream found in part (i).
Assuming no melted ice cream drips outside the cone, find the rate of change

of the depth of the melted ice cream in the cone at that instant. [4]

Let h; be unknown height.

Using volume of similar figures,
i\’ (N
18) \»,
Since cone was filled to 12%, % =0.12
2

h, = /012 x 18

= 8.8783
£_25_7zh2
dh 144
dh _ 1 dC
dt  dC " dt

dh

Since rate of increase of the volume of melted ice cream in the cone is the same rate
as the rate of decrease of volume of the ice cream found in part (i),

Ath = 8.8783
dh _ 144 34309
i~ 257(8.8783)2

— 0.031240

=0.0312 cm/s (3 s.1.)
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12 An arrow is shot towards a target in an archery competition.
Its height, 2 m, above the ground at time ¢ seconds after being shot is given by the

formula 2 = 1.69 + 0.9¢ — 0.25¢2.

(i) State the height above the ground from which the arrow is shot. [1]
h(0) =1.69 m
(i) Express £ in the form a + b(f + c)z, where a, b and ¢ are constants. [3]

h = —0.251* +0.9¢ + 1.69
= —0.25(r* - 3.6t) + 1.69
= —0.25[(t — 1.8)* — 3.24] + 1.69
=—0.25(t — 1.8)> + 0.81 + 1.69
=2.5-0.25(t — 1.8)

(iii) Hence state the maximum height attained by the arrow and the time at which

this occurs. [2]

greatest height = 2.5 m at 1.8 seconds

[Turn over
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(iv) The arrow missed the target and hit the ground. Explain why the time taken for

the arrow to hit the ground is not twice the time found in part (iii). [1]

The arrow was shot at 1.69 m above the ground instead of from the ground.

(v) Find the length of time for which the arrow is at least 2.19 m above the ground.  [3]

h=25-025t-1.8)*>2.19
0.25(r — 1.8)*> < 0.31
(r—1.8)%<1.24

-V124<r-18<+v/1.24
0.68644 <t <2.9135

Length of time = 2.9135 — 0.68644
=222s (3s.f)
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13 The diagram, which is not drawn to scale, shows a rhombus ABCD in which the

point 4 is (0, 6) and point B is (6,24). The point D lies on the x-axis.

N
B(6,24)
C
A(0,6)
\CB
O D /7

(i) Find the coordinates of D.

[3]

Let D be (d,0)

length AB = /(6 — 0)2 + (24 — 6)2

= /360 units
V(6 = 0)2 + (0 — d)2 = /360
d* =324
d=18or — 18
(rejected because d > 0)
D = (18,0)

Point D is (18, 0).
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(iii)

20

Find the coordinates of C. [4]
midpoint of BD = <62—18,M>
=(12,12)

Let C be (a, b).
midpoint of AC = <Oﬂ,m>
2 2
Since it is a thombus, midpoint BD is the same as midpoint AC.

(2228 =219
2 2

(a,b) = (24,18)

Point C is (24, 18).

[NOTE: if students use coordinate adding, they must state the reason why they are
able to use it, i.e. parallel sides / equal lengths due to rhombus]

Find the ratio of the area of triangle AOD to the area of rhombus ABCD. [3]

Area of triangle AOD = %(6)(18)

= 54 units?
Area of rhombus ABCD

= % VI(=12)2 + 2424/242 + (12)
= 360 units’

Ratio =54 : 360
=3:20

ALTERNATIVE METHOD
Area of triangle AOD = %(6)(18)

= 54 units?
Area of rhombus ABCD
111824 6 018

210 18246 0
=%[(324+576+36)—(108+ 108)]

= 360 units?

Ratio =54 : 360
=3:20
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Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the equation ax” +bx +c =0,

X

_ b= \Vb* - 4ac
2a
Binomial Expansion

n n h n-1 n n-2 12 n n-r p.r n
(a+b) =a" + a b+ a’~t b+ ..+ a’b +..+b
1 2 r

r] ri(n-r) B r!

n)= n! n(n-1)..(n-r+1)

where n is a positive integer and (

2. TRIGONOMETRY

Identities

sin A+ cos” A = 1
sec? A =1+tan’ A
cosec’A=1+cot’ A
sin(A + B) = sin Acos B + cos Asin B
cos(A + B) =cos Acos B¥sinAsin B
tan(A + B) = tan A +tan B
1 Ftan Atan B
sin2A = 2sin Acos A
cos2A = cos> A —sin? A =2cos’A—1=1-2sin’ A

tan2A=ﬂ
1 —tan2 A

Formulae for A ABC
a b _c
sinA sinB sinC
a’=b*+c*-2bc cosA

1
=—absin C
2
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Answer all the questions.

()] It is given that f(x) = xt—px*+7x>+x—qghasa quadratic factor x> —2x = 3.

Show that p = 5 and g = 12. [5]
(i)  Hence, solve the equation x* — px® + 7x*> + x — ¢ = 0. [3]
[Turn over
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(a) Without using a calculator,

find the integer value of (51g2) (21g3) (51g9) (21g6). [3]

(b)  Given that log, y2) =4 —log 5 x, express y in terms of x. [3]
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(¢)  Solve the equation 2e* =3 — 5v/e*. [4]

[Turn over

FREE TEST PAPERS - FREETESTPAPER.COM


https://freetestpaper.com

A metal cube is heated to a temperature of 205 °C before being dropped into a liquid. As
the cube cools, its temperature, T' °C, ¢ minutes after it enters the liquid is given by
T = K + 175¢™™ where K and m are constants.

(i) Show that the value of K is 30. [1]

When ¢ = 3, the temperature of the cube reaches 128 °C.
(ii) Find the value of m. [3]
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(iii)  Find the rate at which the temperature of the cube is decreasing at the instant

when t = 8. [3]
(iv)  Explain why the temperature of the cube can never fall below 30 °C. [2]
[Turn over
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(@)  Inthe expansion of (2 + x2) (% — ax)s, there is no term in x. Given that a # 0,

find the value of the constant a. [5]
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5
(b)  Write down and simplify the first three terms in the expansion of (2 + x—;)

in ascending powers of x. Hence find the estimated value of (2.005)°, showing

all your workings clearly. [4]

[Turn over
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The diagram shows a circle passing through the vertices of a triangle ABC. Points D and
E are the midpoints of AB and AC respectively. The tangent to the circle at C meets DE
extended at the point T'. Prove that points A, D, C and T lie on a circle. [5]
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The expression 3cos @ + 5sin @ 1is defined for 0 < 0 < % radians.

(@) Express 3cos @ + 5sinf in the form Rcos(f — a), where R > 0 and « is an acute
angle in radian. [2]
Hence,
(ii) solve the equation 3cos @ + 5sinf = 4, [2]
Py .. 1 [2]
iii
(iii)  find the minimum value of Goos 0150l
[Turn over
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(b)

12

The mass, y mg, of a radioactive substance decreases with time, x hours, after the
start of the experiment. The research analyst claims that the data can be modelled
by an equation of the form x?y = a + bx?, where a and b are constants. Values of
y for different values of x have been collected. Explain how a straight line graph
can be drawn to represent the formula, and state how the values of a and b could

be obtained from the line. [4]

The table shows experimental values of two variables R and ¢.

t 10 20 30 40 50

R 2.32 2.79 3.31 4.74/1 4.90

It is known that R and ¢ are related by the equation R = Ry(37*"), where R,
and k are constants. An error was made in recording one of the values of R.
(i)  PlotIn R against 7 and draw a straight line graph to illustrate the

information. [2]
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[Turn over
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(b) (i) From your straight line graph, identify the incorrect reading and suggest a

corrected value for R. [2]

(iii)  Use your graph to estimate the values of R, and k. [3]
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(@  Giventhat [*f(x)dx = 14 and /] f(x)dx = 8, find

M () dx, [1]

(i) [O(4x - 3f(x)) dx. [2]

(b)  Itis given that f(x) = In(sin 2x). Show that f"/(x) + [f'(x)]* +4 = 0. [5]
[Turn over
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The diagram shows a garden plot designed in the shape of a trapezium OPQR inscribed
in a quadrant OPQS with a fixed radius x metres and angle QOR = 0 radians.

P

X m

\6’ ]
0 R S

(i) Show that the area, A m?, of trapezium OPQR is given by
A =1x(sin 20 + 2 cos ). [3]
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(ii) Given that 6 can vary, find

(a) the value of  for which A has a stationary value. [3]

(b) the stationary value of A at x = 10 and determine whether it is a

maximum or a minimum. [2]

[Turn over
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10 The diagram shows part of the curve y = %, y=mand x = 37” The curve y = % cuts the

line y = z at P and cuts the line x = 37” at Q.

>
[\

\ P

7

i

(>i) Find the coordinates of P and of Q in terms of x. [2]
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(ii)  Find the area of the shaded region bounded by y = % , V=@, x = 37” , the y-axis and

the x-axis. [3]
2
(iii)  Explain why the area of the shaded region is between 5 units? and % units?.  [1]
[Turn over
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A particle, travelling in a straight line, has velocity, v cm/s, given by v = 31> — pr + 4,
where p is a constant and ¢ seconds is the time after passing through a fixed point O. The
particle comes to instantaneous rest when ¢ = 2.

(i) Show that p = 8. [1]

(ii)  Find the range of values of ¢ during which the particle moves in the positive

direction. [3]
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@iii) Find the minimum velocity of the particle. [3]
(iv)  Calculate the total distance travelled by the particle for the first 3 seconds. [3]
----- End of Paper ---—--

FREE TEST PAPERS - FREETESTPAPER.COM


https://freetestpaper.com/
https://freetestpaper.com

22

BLANK PAGE

FREE TEST PAPERS - FREETESTPAPER.COM


https://freetestpaper.com

SCHOOL OF SCIENCE AND
TECHNOLOGY., SINGAPORE

SECONDARY 4

PRELIMINARY EXAMINATION

ADDITIONAL MATHEMATICS

Paper 2 4049/02
2 September 2025 (Tuesday) 2 hours 15 minutes
CANDIDATE Solutions
NAME
CLASS 4 - INDEX NUMBER

Candidates answer on the Question Paper.
READ THESE INSTRUCTIONS FIRST

Write your full name, class and index number in the spaces above.

Write in dark blue or black pen in the space provided for each question.

You may use a HB pencil for any diagrams or graphs.
Do not use staples, paper clips, highlighters, glue or correction fluid.

Answer all the questions.

The number of marks is given in brackets [ ] at the end of each question or part question.

If working is needed for any question, it must be shown in the space
below the question.

Omission of essential working will result in loss of marks.

The total of the marks for this paper is 90.

The use of an approved scientific calculator is expected, where
appropriate.

If the degree of accuracy is not specified in the question and if the
answer is not exact, give the answer to three significant figures. Give
answers in degrees to one decimal place.

For m, use either your calculator value or 3.142.

For Examiner’s Use
Q1 8
Q2 10
Q3 9
Q4 9
Q5 5
Q6 6
Q7 11
Q8 8
Q9 8

Q10 6
Q11 10
Total | 90

This document consists of 21 printed pages including the cover page and 1 blank page.

FREE TEST PAPERS - FREETESTPAPER.COM


https://freetestpaper.com

Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the equation ax® +bx +¢ =0,

X

_ b= \Vb* - 4ac
2a
Binomial Expansion

n n h n-1 n n-2 12 n n-r p.r n
(a+b) =a" + a b+ a’~t b+ ..+ a’b +..+b
1 2 r

r] ri(n-r) B r!

n)= n! n(n-1)..(n-r+1)

where n is a positive integer and (

2. TRIGONOMETRY

Identities

sin? A+ cos> A = 1
sec’A=1+tan’ A
cosec’ A =1+cot> A
sin(A + B) = sin Acos B + cos Asin B
cos(A + B) =cos Acos B ¥ sin Asin B
tan(A + B) = tan A + tan B

1 Ftan Atan B
sin2A = 2sin Acos A

cos2A = cos? A —sin2A=2cos’A—1=1-2sin* A

tanZA:m—nA
] —tanZ A

Formulae for A ABC
a b _c
sinA sinB sinC
a’=b*+c*-2bc cosA

1
=—absin C
2
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Answer all the questions.

1 (i) It is given that f(x) = x* — px® + 7x? + x — ¢ has a quadratic factor x> — 2x — 3.
Show that p =5 and ¢ = 12. [5]

x2=2x—-3=(x-3)(x+1)

Givenf(—-1) =0 and f(3)=0
ED*=p(-1)*+7(-1)>+(-1) —q=0
B3)*-p-BP+7-3)*+3-q=0
g—p=7--()
27p + q = 147 — (2)

2)—(1):  28p =140

p=>5andq =12 (shown)

(i) Hence, solve the equation X p+ X +x—g=0. [3]

f)=x* =53 +7x> +x - 12
= (x% — 2x — 3)(x? + bx + 4) [by inspection]

By comparing coefficients of x2: 7 = 4 — 2b — 3
b=-3

(x?—2x—3)(x>*—-3x+4)=0
(x=3)x+1Dx*-3x+4)=0
x—3=0o0rx+1=00rx>—3x+4=0

Since discriminant of x2 —3x + 4 =0 is
(—3)? — 4(1)(4) = —7 < 0, there are no real solutions
forx?2 —3x+ 4 = 0.

Solution: x =3 and x = —1
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2 (a) Without using a calculator,

find the integer value of (51g2) (21g3) (51g9) (21g6). [3]

(Slgz) (21g3) (51g9) (21g6) — (51g2+1g9) (21g3+1g6)
— (Slg(2><9)) (zlg(3x6))
— (51g18) (21g18)
= (5x2)818
— 101g18
=18

(b)  Given that log,(y?) = 4 — log, s x, express y in terms of x. [3]
1
log,(y?) = 4log, 2 — 10(:2;1
log, x
log,(y?) = log, 2* + %12

log,(y?) = log, 2* + log, x
10g2(3’2) = log,(16x)

y? = 16x

y = +4/x

(¢)  Solve the equation 2e* =3 -5 \/e_x ) [4]
x
2e* =3 — 5e2
Lety = ez.
2y? =3 -5y

2y +5y—-3=0

@y -Dy+3)=0

Since ez > 0 for all x, y = 0.5
ej_zc =0.5

g =1n0.5
x=2In05=-1393s.1)
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A6.3 Using exponential and logarithmic functions as models

3 A metal cube is heated to a temperature of 205°C before being dropped into a liquid. As the
cube cools, its temperature, T7°C, # minutes after it enters the liquid is given by
T = K + 175e™™¢, where K and m are constants.
(i) Show that the value of K is 30. [1]

Att=0, T=205°C.
K +175e ™ = 205
K =205-175

K =30 (shown)

When ¢ = 3, the temperature of the cube reaches 128°C.
(ii) Find the value of m. [3]

When ¢ =3, T=128°C.
30 + 175e ™3 = 128
175e73™m =98

98

175

o (28
m= rl<175)

m = 0.19327
m = 0.193 (3s.f)

e~3m —

(iii) Find the rate at which the temperature of the cube is decreasing at the instant when
t=8. [3]
T =30 + 175~ 0-19327¢
dT
— = —33.82225¢0-19327¢

dt
When ¢ =8,
(;—T = —33.82225e70:19327(8)
t
= —7.2063
= —-7.21(3s.f)

Temperature of the cube is decreasing at a rate of
7.21°C per minute.

(iv) Explain why the temperature of the cube can never fall below 30°C. [2]

Since e~ 919327t > 0 for¢ >0,
1756019327t 5 )

30 + 1757019327t > 30
Therefore, T > 30

Hence the temperature of the cube can never fall below
30°C.
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AS5.3 Use of the general term]

4 (a) In the expansion of (2 + xz) (i - ax)s, there is no term in x. Given that a # 0,

find the value of the constant a.

General term for (% - ax)5 = (5) (i)s_r (—ax)"

r 2x

2r—5=1land2r—-5=-1
r=3andr =2

Term with x ™1 = (g) G)S_Z (—a)?x*5

5 1
=5 ()
4 x

Term with x = (5) (1)5_3 (—a)3x675

3/ \2
= —2g3x
? 5
(2+x2) <% —5ax> 5
1
=(2+x° (—— Sx 42 2<—>+--->
(2 +x%) S@x+a IE
= (—Sa3 +Za2)x +
5
—5a*+—-a*=0

4
Za*(—4a+1) =0

a = 0 (rejected) or a = i

- ()" o

AS5.1 Use of Binomial Theorem for positive integer n

2\ 5
(b)  Write down and simplify the first three terms in the expansion of <2 + %) in

[5]

ascending powers of x. Hence find the estimated value of (2.005)°, showing all your

workings clearly.

=32 + 40x2 + 20x* + - — (1)

5
Solving (2 + ";) = 2.005° gives x = 0.1

Substitute x = 0.1 into (1):

2.005% = 32 + 40(0.1)% + 20(0.1)*
=32+ 40(0.01) + 20(0.0001)
= 32.402

o2 -7 () G ()
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G3.1 Use of tangent-chord theorem
5

The diagram shows a circle passing through the vertices of a triangle ABC. Points D and E
are the midpoints of AB and AC respectively. The tangent to the circle at C meets DE
extended at the point T. Prove that points A, D, C and T lie on a circle. [5]

By midpoint theorem, DE is parallel to BC.
Thus, 4ADE = AABC. (corresponding angles)

By tangent-chord theorem,
4ABC = AECT

Since 4ADE = AECT,
they are angles in same segment,
hence, points A, D, C and T lie on a circle. (shown)
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The expression 3 cos 8 + 5sin @ is defined for 0 < 6 < % radians.

6

(i) Express 3cos8 + 5sin@ inthe form Rcos(f — a), where R > 0 and « is an acute angle

in radian.

(2]

3cos8 + 5sinf = Rcos(6 — a)
3cos 8 + 5sinf = V3% + 52 cos(f — a), where @ = tan™? (

= /34 cos(0 — 1.0303) (working value)
= 5.83 cos(6 — 1.03) (3 s.f)

)

Hence,
(ii) solve the equation 3 cos 8 + 5sin 6 = 4,

(2]

3cosf +5sinf =4
V34 cos(8 — 1.0303) = 4

cos(8 — 1.0303) = \/%

Basic angle = cos™1! (\/%_4) = 0.81482

6 —1.0303 = 0.81482,—-0.81482
6 = 1.84512,0.21548
As 0 is acute, 8 = 0.215 radians (3 s.f.)

(accept 0.216 rad if exact form is used)

1
(3cosH+5sin6)2+1°

(iii) find the minimum value of

(2]

—V/34 < 3cosf +5sinf < /34
0 < (3cosf + 5sin0)? < 34
1< (3cosf +5sinf)?2+1<35

1 1

— < <1
357 (3cos@ +5sin8)?+1 "~

.. 1
Minimum value = v

FREE TEST PAPERS - FREETESTPAPER.COM


https://freetestpaper.com

7

9

(a) The mass, y mg, of a radioactive substance decreases with time, x hours, after the

start of the experiment. The research analyst claims that the data can be modelled by

an equation of the form x?y = a + bx?, where a and b are constants. Values of y for

different values of x have been collected. Explain how a straight line graph can be

drawn to represent the formula, and state how the values of @ and b could be

obtained from the line.

Rearrange the given formula into a straight-line graph
equation as follows, x*y = bx® 4+ a where x?y is plotted

against x>. When line is drawn, the value of b is the
gradient and the value of a is the vertical intercept of
the graph.

Alternatively,
y=a (xiz) + b where y is plotted against x_12

(b) The table shows experimental values of two variables R and t.

! 10 20 30

40

50

R 2.32 2.79 3.31

4.74

4.90

It is known that R and ¢ are related by the equation R = R0(3_k’), where

R and k are constants. An error was made in recording one of the values of R.

(@) Plot In R against ¢ and draw a straight line graph to

illustrate the information.

t 10 20 30 40 50
InR 0.842 1.03 1.20 1.56 1.59
R == RO (S_Rt)

InR = InRy(37%Y)

InR =InR, +In37%¢
InR =InRy —ktln3
InR = (=kIn3)t+InR,
=~ Plot In R against ¢

FREE TEST PAPERS - FREETESTPAPER.COM
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(b) (ii)  From your straight line graph, identify the incorrect reading and suggest a

corrected value for R. [2]

R = 4.74 is the incorrect reading

From the graph,InR = 1.4
R =el* =4.063s.f)

@iii)  Use your graph to estimate the values of R, and k. [3]

R = Ry(37")
InR =(—kIn3)t+InR,

Vertical intercept = In R,
=0.66 (from the graph)
Thus, R, = €%® = 1.93 (3 5.f))

Gradient = —k1n3

_ 1.59-1.03
~ 50-20
=0.018666

0.018666
Thus, k =
—In3

= —0.0170 (3 s.f)
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C1.15 Evaluation of definite integrals
8 (a) Giventhat [ f(x)dx =14 and [ f(x) dx = 8, find
@ ffCo) dx, [1]

6
ff(x)dx=14—8
3
=6

i) [7(4x —3f(x)) dx . [2]

f16(4x —3f(x)) dx = ff 4x dx — 3 ff f(x) dx
= [2x2%]$ — 3(14)
=72—-2—-42
= 28
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(b) Itis given that f(x) = In(sin 2x). Show that f"’(x) + [f'(x)] 244=0.

f(x) = In(sin 2x)

£(x) = 2 cos2x
sin 2x
£ () = sin 2x (— 4 sin 2x) — 2 cos 2x (2 cos 2x)

(sin 2x)?

__ —4sin?2x — 4cos?2x
(sin 2x)?

__ —4(sin?2x + cos?2x)
(sin 2x)2

4
(sin 2x)2

') + [f' ()] + 4= —

(sin 2x)2 sin 2x

- _ 4 n 4c0522x+4

(sin 2x)2 sin22x

— 4+ 4 cos?2x
= ——"44

sin22x

_-4- cosZZx)+4

sin22x

— 4 sin?2x
= —F 44

sin22x
= —4+4

= 0 (shown)

2
4 n [2 cost] 14
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C1.10 Apply differentiation to maxima and minima problems
9 The diagram shows a garden plot designed in the shape of a trapezium OPQR inscribed in a
quadrant OPQS with a fixed radius x metres and angle QOR = 6 radians.

P
Q
xm
-\ 0 ]
0 R S
@) Show that the area, 4 m?, of trapezium OPQR is given by A = ixz (sin 20 + 2cos0).
[3]
A= G) (x cos B)(xsin 8 + x)
= ixz sin 0 cos 6 + %xz cos @
= Zx2 (—Sinzg) +-x2cos
2 2 2
=2x25in20 +=x2%cos @
4 2
= ixz(sin 20 + 2cos0) (shown)
(ii) Given that € can vary, find
(a) the value of @ for which 4 has a stationary value. [3]
4 _ 1,2 — 24
5= 2% (2cos26 — 2sin0)
For stationary value of 4, Cdl—'; =0
1
—x2(2cos26 —2sinf) =0

4
1
Exz(cos 20 —sinf) =0

1
Exz(l — 2sin? @ —sinf)—=0

1 —2sin? 0 —sinf =0
2sin® @ +sinf—1=0
(2sinf —1)(sin8+1) =0

sinf = or sinf = -1

ol N =

0 =-rad, or 0= 377Trad. (rej, because 6 <§ )
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(ii) (b) the stationary value of 4 at x = 10 and determine whether it is a maximum or a

15

minimum.

d?a _
de2

Subt. 8 =% and x = 10 into a4

d?a _

5 = i(lO)2 (—4 sin 2 (%) — 2 cos %)

1

=-(100)(—5.1961)

T4

=-129.90 <0

. d2a . . T
Since 167 < 0, A is a maximum when 6 = p
Subt. 6 = % into 4,

Maximum area of A

= i(lO)2 (sin 2 (%) + 2 cos %)

= 64.951
= 65.0 cm?

— = ixz(—4sin29 —2cos8)

2

de?’

(3 s.f))
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10  The diagram shows part of the curve y = z, y=mand x = 37” The curve y = z cuts the line

y = m at P and cuts the line x = 3;” at Q.

y 3w
A

-
7
it

(i) Find the coordinates of P and of Q in terms of 7. [2]

)

5

Wheny =m, =,
5
Therefore, x = -

Point P is (% , n).

Point O is (3—7; 10).

2 ’3m

(ii) Find the area of the shaded region bounded by y = z ,Y=T,X = 3;” , the y-axis and the

X-axis. [3]

3T
Shaded area = (%) + [ z dx
r 3T

=5+5[Inx]?

=545 [ln (%) —In (%)]

= 10.4 units? (3 s.f.)
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2
(iii) Explain why the area of the shaded region is between 5 units? and 3% units?.

Area of big rectangle = (3?”)
312 )
= units
Area of small rectangle = (3—") (2)

2 31
= 5 units?

. . 3m? .
Therefore, area of shaded region is between 5 units? and 5 units?.
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A particle, travelling in a straight line, has velocity, v cm/s, given by v = 3t? — pt + 4, where

p 1s a constant and ¢ seconds is the time after passing through a fixed point O. The particle

comes to instantaneous rest when t = 2.

(i) Show thatp=S8.

v=3t?—pt+4
Whenv=0and =2,
32)2—-p(2)+4=0
2p =16

p =8 (shown)

[1]

(ii) Find the range of values of # during which the particle moves in the positive direction.

3t2—-8t+4>0

Bt=2)(t—-2)>0

The range of values of ¢ is t < % or t>2.

Since t = 0, the range of values of tis 0 <t < % or
t>2.

(iii) Find the minimum velocity of the particle.

W _ et
dt
For minimum/maximum velocity, % =0
6t—8=0
‘= 4
K

v 650
dez

Att = g , velocity is a minimum value.
4 .. . 4\? 4
Att = 5 » Minimum velocity = 3 (g) -8 (E) + 4

4
= —- cm/s
3

Accepts —1.33 cm/s (3 s.f)

FREE TEST PAPERS - FREETESTPAPER.COM

[3]

[3]


https://freetestpaper.com

19

(iv) Calculate the total distance travelled by the particle for the first 3 seconds.

szfvdt

= t3 — 4t? 4+ 4t + c, where c is an arbitrary constant

Whens=0andt=0, c=0
Therefore, s = t3 — 4t? + 4t

Particle is at rest when v = 0.
3t2—-8t+4=0
Bt—=2)(t—-2)=0

tz% ort=2

2 32

Whent:3, szﬁcm

Whent = 2, s=0cm
Whent = 3, s=3cm
Total distance travelled for the first 3 seconds
32 32
= ﬁ + ﬁ + 3
10

= Sﬁ cm
Accepts 5.37 cm (3 s.f)
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