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Mathematical Formulae

1. ALGEBRA

Quadratic Equation
For the equation ax? +bx+c= 0,

_ —b++/b? - 4ac

2a

X

Binomial expansion

(a+b)"=a" +(2ja”‘lb+(2ja”‘2b2 +...+(:}a”‘rbr +o.4+b",

I _ _
where 7 is a positive integer and [n) __nt _n(n=1).(n=r+l)
r) (n-r)ir! r!
2. TRIGONOMETRY

Identities
sin? A+cos? A=1
sec? A=1+tan® A
cosec’A=1+cot? A
sin(A+B) =sin AcosB + cos AsinB
cos(A+ B) =cos Acos B xsin Asin B

tan A+ tan B

tan(AxtB)=————
1Fxtan AtanB

sin2A = 2sin Acos A

cos2A=cos® A—sin? A=2cos®> A—1=1-2sin’ A

tan2A= 2ta—n;0\
1-tan“ A
Formulae for AABC
a b c

sinA sinB  sinC
a® =b® +c? —2bccos A

A =lbcsin A
2
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1 The line y =2x+15 intersects the curve y = x? +6x+3 at points A and B.
Find the value of p for which the distance AB can be expressed as p\/g. [5]

2
2 A curve is such that 3—;/ =12e?* +e7*. The curve intersects the y-axis at P(0,5) and
X
the tangent to the curve at P is parallel to y =4x+3. Find the equation of the curve. [6]
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3 Afunction is defined by f(x) = x? + 2kx+ 2k +3 for all real values of x, where k is a constant.

(@) Find the discriminant of f(x) in terms of k. [2]

(b)  Show that the discriminant of f(x) in part (a) can be expressed in the form

4(k —a)2 —b, where a and b are integers. [2]

(c) Find the range of values of k for which f(x) =0 has no real roots. [3]
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4 ltisgiven that f(x)=2x3-5x* —4x+12.

(@) Show that 2x+3 is a factor of f(x). [2]
(b) Factorise f(x) completely. [2]
(c) Hence find the roots of the equation 2(23y)—5(22y)—4(2y)+12 =0. [3]
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x> —2x% +5x-10 _
x? +5

(@) Using long division, show that X—2. [2]

(b) Hence, by first expressing the denominator as a product of two factors,
2x% +1

express
P x3 —2x% +5x-10

in partial fractions. [5]
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8
6 (a) Find the first 3 terms, in ascending powers of x, of the binomial expansion of (2+%) :

where a is a non-zero constant. Give each term in its simplest form. [2]

8
(b) Given that the coefficient of x? is —320 in the expansion of (3- x)2 (2+%) :

find the possible value(s) of a. [4]
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The diagram shows a quadrilateral PQRS whose vertices lie on the circumference of a circle.
The diagonals PR and QS intersect at U. The tangent at R meets PS produced at T.
If QR = RS, prove that

(@) QS //RT, [3]

(b) triangle PQR is similar to triangle QUR. [3]
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8 (a) Theequation of acurveis y= In(xe‘3x).

: . 1 .
The normal to the curve at the point P has a gradient of 5 Find the coordinates of P. [4]

(b) The normal to the curve at P meets the x-axis at Q.
Find the area of triangle OQP, where O is the origin. [3]
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Atmospheric pressure is a measure of the force exerted by the mass of air on an object.

10

Altitude is the vertical height above sea level.

The atmospheric pressure, P millibars, exerted at the altitude h kilometres is related by the
equation P = Ae®", where A and b are constants.

The following table shows the mean atmospheric pressure at various altitudes.

()

Plot In P against h and draw a straight line graph to illustrate the information.

InP

h (kilometres)

2

4

6

8

10

P (millibars)

810

595

446

340

262

[2]
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(b) Express the equation P = Ae®™ in a form that will yield the straight line graph in part (a).

Hence explain how the graph may be used to determine the value of A and of b. [3]

(c) Use your graph to estimate the atmospheric pressure, to the nearest millibar,
when an object is at sea level. [1]

(d) The atmospheric pressure at the summit of Mount Everest is 300 millibars.
Use your graph to estimate the altitude of Mount Everest. [1]
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10 A patient’s blood pressure, P(t) in mmHg, can be modelled by the function
P(t) = 22cos(2.57t)+116,

where t is the time in seconds.

The systolic pressure (highest pressure) occurs when the heart beats, and the diastolic pressure

(lowest pressure) occurs when the heart is at rest between beats.

(a) State the amplitude and period of P(t) =22 cos(2.57zt)+116. [2]
(b) Sketch the graph of y=P(t) for 0<t<2. [2]
y
A
> t
O

FREE TEST PAPERS - FREETESTPAPER.COM


https://freetestpaper.com

13

(¢) The pulse rate is the number of times a heart beats per minute.
A normal resting pulse rate should be between 60 to 100 beats per minute.
Show that the patient’s pulse rate is normal. [2]

(d)  According to health guidelines, someone with systolic pressure above 140 mmHg or
diastolic pressure above 90 mmHg has high blood pressure and should see a doctor.
Determine whether the patient needs to see a doctor. Justify your answer. [1]
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11 A particle moves in a straight line so that t seconds after passing through a fixed point O, its
velocity v m/s is given by v = 5C0$(%j . Find

(@) theinitial velocity of the particle, [1]

(b) the value of t, in terms of =, when the particle first comes to instantaneous rest, [3]

(c) the distance travelled by the particle in the first 5 seconds, after passing through O. [4]
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X 4
12 A curve has the equationy = 3+(E—1j . The point (p, q) is the stationary point on the curve.

(a) Determine the coordinates of the stationary point (p, q). [4]

(b) (i) Justify whethery is increasing or decreasing for values of x less than p. [2]

(if) Hence infer whether y is increasing or decreasing for values of x greater than p. [1]

(c) What do the results of part (b) imply about the stationary point? [1]
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13  Solutions to this question by accurate drawing will not be accepted.

i
A6, 7)
M
P » X
C(-2,-1) @O\Q
N B(12,-5)

The diagram above shows a triangle ABC with vertices at A(6, 7), B(12,-5) andC(-2,-1).
M and N are the mid-points of AB and BC respectively. The line MN cuts the x-axis at P.

(@) Find the coordinates of P. [4]

(b) Find the ratio AC : MN. [1]
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(c) Find the area of the quadrilateral ACNM. [2]

(d) Explain why quadrilateral ACNM is a trapezium. [2]

END OF PAPER
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Qn | Answers
1 p=8
2 | y=3ePteX-x+1
3a | 4k* -8k -12
30 | 4(k-1)*-16
3c | -1<k<3
4b | £ (x) = (2x +3)(x—2)?
4¢c | y=1
5b 2x2 +1 1 X+2
3 _9y2 10 x-=2 +t3
X" —2x"+5x-10 X X" +5
6a ax
(2+ZJ = 256+ 256ax +112a°x> +...
6b 2 6
a=— or a=—
3 7
8a |P=(1,-3)
80 | 10.5 units?
9 | InP=bh+InA
The value of A can be determined by finding the vertical intercept of the
graph. The value of b can be determined by finding the gradient of the graph.
9c | P ~1097 millibars (nearest whole)
9d | h=8.8km
10a | Amplitude = 22
Period = 0.8
10b :
10c | Patient’s pulse rate = 75 beats per minute
Hence the patient’s pulse rate is normal.
10d | Since the diastolic pressure (94 mmHg) is above 90 mmHag,
the patient has high blood pressure and should see the doctor.
1la | 5ml/s
11b | t=7xS
11c | Distance ~14.0 m
12a | Stationary point = (2, 3)
12bi | y is decreasing when x < 2.
12bii | y is increasing when x > 2.
12c¢ | The stationary point is a minimum point.
13a | P=(8,0)
13b | AC:MN =2:1
13c | Area of trapezium ACNM =54 units?
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1 The line y =2x+15 intersects the curve y = X2 +6x+3 at points A and B.

Find the value of p for which the distance AB can be expressed as p\/g. [5]
X% +6X+3=2x+15 M1 (equate curve to line)
x?+4x-12=0
(x—2)(x+6)=0 M1 (factorise)
X=2 or Xx=—-6
y=19 or y=3 M1 (find y)

2

AB = \/(2 - (—6))2 +(19-3) M1 (apply distance formula)

AB =+/320
AB =85
p= 8 Al
2
2 A curve is such that % =12e?* +e7*. The curve intersects the y-axis at P(0, 5) and
X

the tangent to the curve at P is parallel to y =4x+3. Find the equation of the curve. [6]

dy _ 2x —X _ pp2X —X
Fvl j(lZe +e )dx =6e”" —e "+ M1 (any 2 correct terms)

At (0,5), j—y =4 M1 (seen gradient at P = 4)
X

6e2® _e @ ¢ =4 M1 (sub. gradient at x = 0, attempt to find c1)
= =-1

y = I(Gezx —e X —1)dx =3e?+e*—x+c M1 (any 2 correct terms)

At (0,5), 3220 1@ _p4c=5 M1 (sub. x =0 &y =5, attempt to find c)

=c=1
ny=3 e ¥ —x+1 Al
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3

A function is defined by f(x) = x® +2kx + 2k +3 for all real values of x, where k is a
constant.

()

(b)

Find the discriminant of f(x) in terms of k.

[2]

For f(x) = x* + 2kx+ 2k +3,
b? —4ac = (2k)* —4(1)(2k +3) M1 (apply discriminant)
= 4k* -8k 12 Al

Show that the discriminant of f(x) in part (a) can be expressed in the form

4(k —a)2 —b, where a and b are integers.

k? -8k —12= 4[k2—2k+12 -1 |-12
4[ k J M1 (completing the square)

=4 k—l) -16 Al

(©)

Find the range of values of k for which f(x) =0 has no real roots.

b? —4ac <0

4(k—1)2 -16<0 M1 (apply discriminant < 0)
(k-1)>-22<0

(k—1+2)(k-1-2) <0

(k+D)(k-3)<0 M1 (factorise)

-1<k<3 Al

v
=~
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It is given that f(x) =2x> —5x —4x+12.

(@) Show that 2x+3 is a factor of f(x).

[2]

3 2
3 3 3 3
fl——[=2|—=| =5|—=| —-4| —= |+12 M1 (apply factor theorem
( 2] ( 2) ( 2) ( 2j+ (epply )

:_ZTZ_E+6+12

4
=0
By the Factor Theorem, (2x +3) is a factor of f(x). (shown) AG1

(b) Factorise f(x) completely.

[2]

f(x) = 2x3 —5x? —4x+12
= (2x+3)(x2 —4x+4) M1 (long division or comparing coefficients)

= (2x+3)(x—2)? Al

(c) Hence find the roots of the equation 2(23y)—5(22y)—4(2y)+12 =0.

[3]

2(2y)3 —5(2y)2 -4(2Y)+12=0

Let x=27,
2(2V)3—5(2y)2—4(2y)+12=0
[2(2y)+3}[(2y)—2}2=0
2(2)+3=0 or (2")-2=0
23’:—§ or 2V=2 M1 (seen either one)

(rejected)
sy=1 Al

M1 (attempt to let x =27 and solve)
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x* —2x% +5x-10

(b)

(@) Using long division, show that 5 X—2.
X“+5
X—2
x2+5> x3 - 2x2 +5x ~10
—(x® +5X) o
M1 (attempt to use long division)
~2x% -10
—(-2x%-10)
0
3 92 _
X 2X2 +5x~10 =Xx—2 (shown) Al
X“+5
Hence, by first expressing the denominator as a product of two factors,
2
express 2x"+1 in partial fractions. [5]

X2 —2x% +5x-10

[2]

2x*+1  2x*+41
x3 —2x? +5x-10 (x—2)(x2 +5)
2x% +1 A Bx+C

M1 (seen both partial fractions)

(x—2)(X+5) X-2 X245
2x% +1= A(X? +5) + (Bx+C)(x - 2)
Sub. x=2,
9=9A

A1 M1 (seen substitution or comparing coefficients)

Comparing constant term,

1=5A-2C
1=5-2C
C=2

Comparing x? term,

2=A+B
2=1+B A2 (any 2 correct)
B=1
2
2X° +1 1 N X+2 Al

. x3—2x2+5x—1O: X—2 x°+5
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6 (a) Find the first 3 terms, in ascending powers of x, of the binomial expansion of (2+%) :

where a is a non-zero constant. Give each term in its simplest form. [2]

8 2
(2+%) :2’%(3(2)7 (%)%2](2)%%) +... M1 (apply Binomial theorem)

8
(2+%) — 256+ 256ax +112a°X2 +... Al

8
(b) Given that the coefficient of x? is —320 in the expansion of (3- x)2 (2+%} :

find the possible value(s) of a. [4]

8
(3-x)° (2+%} = (9-6x+x*)[ 256+ 256ax +112ax+...| M1 (expansion)

(9) (112a2 ) +(~6)(256a)+ (1)(256) = —320 M1 (comparing)

1008a% —1536a+576 =0
21a®-32a+12=0
(3a-2)(7a—6)=0

a:z or a:g Al, Al
3 7
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The diagram shows a quadrilateral PQRS whose vertices lie on the circumference of a circle.
The diagonals PR and QS intersect at U. The tangent at R meets PS produced at T.
If QR = RS, prove that

(@ QS/IRT, [3]
ZRQS = ZRSQ (base £s of isos. A) Bl
ZRQS = ZTRS (alt. segment theorem) Bl
Since Z/RSQ = ZTRS, ..QR//RT (alt. Zs are equal) AG1
(b) triangle PQR is similar to triangle QUR. [3]
Z/RPQ = ZRSQ (s in the same segment) Bl
Z/RPQ = Z/RSQ = ZRQS (from part (a))
ZPRQ = ZQRU (common X) Bl
Triangle PQR is similar to triangle QUR. (AA similarity) AG1
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8 (a) The equation of a curveis y=1In (xe‘3x). The normal to the curve at the point P has a

8

gradient of % . Find the coordinates of P. [4]
y:In(xe‘3X): In x—3x
dy _1_ M1
dx X
Gradient at point P =—1+%:—2 M1
-1 3 h
X
1= 1 — M1 (equate % =—-2 & attempt to solve for x)
X
x=1
y= In(e‘?’):—3
Coordinates of P = (1, -3) Al
(b) The normal to the curve at P meets the x-axis at Q.
Find the area of triangle OQP, where O is the origin. [3]

1 7
AtQ, —x——==0
Q 2 2

X=7

Area of triangle OQP
= %x7><3=10.5 units?

M1 (find equation of normal)

M1 (find x-intercept)

Al
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Atmospheric pressure is a measure of the force exerted by the mass of air on an object.

The atmospheric pressure, P millibars, exerted at the altitude h kilometres is related by the

equation P = Ae®™, where A and b are constants.

The following table shows the mean atmospheric pressure at various altitudes.

h (kilometres) 2 4 6 8 10
P (millibars) 810 595 446 340 262
(@) Plot InP against h and draw a straight line graph to illustrate the information.
h 2 4 6 8 10
InP 6.70 6.39 6.10 5.83 5.57
InP
V' N
9
8
7 L —
N\
e L
6 \x\'_
STt TR rFE TR T P rH TRt P T T T P TRl F ! ——
5 l
|
1
|
4 .
|
|
3 |
i
1
|
2 i
|
|
1
1 i
i
|
o) 8.8 i

10
B1 (plot at least 3 correct points) B1 (best fit line)
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(b)  Express the equation P = Ae®" in a form that will yield the straight line graph in part (a).

Hence explain how the graph may be used to determine the value of A and of b. [3]
P = Ae™
InP = In Ae™
InP=InA+Ine’™
InP=bh+InA Bl

The value of A can be determined by finding the vertical intercept of the graph. Bl

The value of b can be determined by finding the gradient of the graph. Bl

(c) Use your graph to estimate the atmospheric pressure, to the nearest millibar,
when an object is at sea level. [1]

At sea level, h=0,
InP=7

P =e’ =1096.633 ~1097 millibars (nearest whole) Bl

(d) The atmospheric pressure at the summit of Mount Everest is 300 millibars.

Use your graph to estimate the altitude of Mount Everest. [1]
When P =300,

InP=In300=5.70

From the graph,

h=8.8km Bl
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10 A patient’s blood pressure, P(t) in mmHg, can be modelled by the function
P(t) = 22cos(2.57zt)+1186,

where t is the time in seconds.

The systolic pressure (highest pressure) occurs when the heart beats, and the diastolic pressure
(lowest pressure) occurs when the heart is at rest between beats.

(a) State the amplitude and period of P(t) =22cos(2.57t)+116. [2]
Amplitude = 22 Bl
Period = 2% 0.8 B1
2.5
(b) Sketch the graph of y=P(t) for 0<t<2. [2]
y
A
138 -fragmm = p e g s e

94 oo NA

b-------—-——r - -
S S 4

v
—

O
o
SN
o
oo
[EEN
N

1.6 2

B1 (correct shape) B1 (correct amplitude & period)

FREE TEST PAPERS - FREETESTPAPER.COM


https://freetestpaper.com

12

(¢) The pulse rate is the number of times a heart beats per minute.
A normal resting pulse rate should be between 60 to 100 beats per minute.
Show that the patient’s pulse rate is normal. [2]

Since the duration of 1 heart beat is 0.8 sec, M1
Patient’s pulse rate = Y = 75 beats per minute
0.8 AG1

Hence the patient’s pulse rate is normal.

(d) According to health guidelines, someone with systolic pressure above 140 mmHg or
diastolic pressure above 90 mmHg has high blood pressure and should see a doctor.
Determine whether the patient needs to see a doctor. Justify your answer. [1]

Since the diastolic pressure (94 mmHg) is above 90 mmHgq,
the patient has high blood pressure and should see the doctor. Bl
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A particle moves in a straight line so that t seconds after passing through a fixed point O, its

13

velocity v m/s is given by v = 5C0$(%j . Find

()

(b)

(©)

()

the initial velocity of the particle, [1]
. . 0
Initial velocity = 5COS(EJ =5m/s Bl
the value of t, in terms of =, when the particle first comes to instantaneous rest, [3]
At instantaneous rest, 5C0$(%j =0 M1
1=cos‘1(0)=E M1
2 2
t=xs Al
the distance travelled by the particle in the first 5 seconds, after passing through O. [4]

[t
¢ 5S|n(2j
s=IScos —dt=————<+cC M1
2

1
2
[t
S :105|n(—J+c
2

Whent=0,5s=0, =>¢c=0 M1

When t=7, s=10sin (%) =10

5 MZ1(seen either one)
When t =5, s=10sin [Ej =5.984
Distance =10+ (10—-5.984)

=14.016
~14.0m Al
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4
12 A curve has the equationy = 3+(§—1) . The point (p, q) is the stationary point on the curve.

(a) Determine the coordinates of the stationary point (p, Q). [4]
x
=3+ =-1
! (2 ]
dy x )1 x )\ st iy
— =4 =-1| ==2| —— M1 (find 1* derivative)
dx 2 2 2
Let ﬂ =0,
X
X 3
z(_ —1) _
2
g—lz 0 M1 (equate to zero and attempt to find x)
X=2
=y=3
Stationary point = (2, 3) Al, Al (correct pair of coordinates)
(b) (i) Justify whether y is increasing or decreasing for values of x less than p. [2]
For x<2,
x )P
(E —1j <0 3
2 M1 (use (g—lj <0 to show dy/dx > 0)
dy = 2(5 —1j <0
dx 2
Therefore, y is decreasing when x < 2. Al
(i) Hence infer whether y is increasing or decreasing for values of x greater than p.  [1]
For x>2,
3
dy _ (5 —1) >0
dx \2
Therefore, y is increasing when x > 2. Bl
What do the results of part (b) imply about the stationary point? [1]

(©)

The stationary point is a minimum point. Bl

FREE TEST PAPERS - FREETESTPAPER.COM



https://freetestpaper.com

13  Solutions to this question by accurate drawing will not be accepted.

> <

A6, 7)

v
x

M
P
C(-2,-1) QO\Q
N

The diagram above shows a triangle ABC with vertices at A(6, 7), B(12,-5) andC(-2,-1).

B(12,-5)

M and N are the mid-points of AB and BC respectively. The line MN cuts the x-axis at P.

(a) Find the coordinates of P. [4]

M :(12+61—5+7j:(9,1) and N=[12+(_2),_5+(_1))=(5,—3) M1
2 2 2 2

gradient of MN = 1=(9) =1 M1 (apply gradient formula)
_ . 0-(-3) .
LetP =(x,0), gradient of NP = c =1 M1 (find x)
X_
=>x=8 AL
~.P=(8,0)
(b) Find the ratio AC : MN. [1]
AC:MN =2:1 Bl
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(c) Find the area of the quadrilateral ACNM. [2]

: 116 -2 5 9 6
Avrea of trapezium ACNM ==
217 -1 -3 1 7

:%[—6+6+5+63—(—14)—(—5)—(—27)—6] M1

=54 units® Al

(d) Explain why quadrilateral ACNM is a trapezium. [2]

By midpoint theorem, OR gradient 5 = gradienty,y =1
AC/IMN - = AC//MN

M1

Since quadrilateral ACNM has one pair of parallel sides, it is a trapezium. AGl
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Mathematical Formulae

1. ALGEBRA

Quadratic Equation
For the equation ax? +bx+c=0,

_ —b++/b? — 4ac

2a

X

Binomial expansion
(a+b)"=a" +[2]a”1b+[;ja”2b2 +...+(n]a”rbr +..+b",
r

. P n n! n(n-1)..(n—-r+1
where 7 is a positive integer and = _n(n=)..( )
r) (n—r)lr! r!

2. TRIGONOMETRY

Identities
sin? A+cos® A=1
sec? A=1+tan? A
cosec’A=1+cot? A
sin(A+ B) =sin AcosB +cos Asin B
cos(A+ B) =cos Acos B ¥sin Asin B

tan A+ tan B
l1xtan AtanB

sin2A=2sin Acos A

tan(A+B) =

cos2A=cos® A—sin? A=2cos’ A—1=1-2sin’° A

tan2A= 2ta—n;A
1-tan“ A
Formulae for AABC
a b c

sinA sinB  sinC
a® =b? +c? —2bccos A

A =£bcsin A
2

FREE TEST PAPERS - FREETESTPAPER.COM


https://freetestpaper.com

3

An object is heated in an oven until it reaches a temperature of X °C. It is then

allowed to cool. Its temperature, #°C, when it has cooled for time t minutes,

t
is given by 6 =30+100(0.8) 6.

(@) Find the value of X. [1]
(b) Find the value of & whent =8. [1]
(©) Find the value of t when 6= 95. [3]
(d) A sketch of the graph of @ against t is given below.
60 C A
p _____________________________________________
0 F
t mins
State the value of p. [1]

FREE TEST PAPERS - FREETESTPAPER.COM


https://freetestpaper.com

4

A calculator must not be used in this question.

(@) In the diagram, triangle ABC has an area of (8ﬁ+ 4) cm?, angle BAC = % radian

and AB = (2ﬁ+2) cm. Find the length of AC, leaving your answer in the form

(pﬁ+q) cm, where p and q are integers. [5]
A
%
242 +2 z
4
B C

FREE TEST PAPERS - FREETESTPAPER.COM


https://freetestpaper.com

Ja—+b
e ol

(b) Find cos75°, giving your answer in the form , Where aand b are

integers. [3]
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(@) Prove that cosec2x—cot2x =tan x. [3]
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(b)  Hence solve cosec2x —cot 2x = 2sec? x—3 for 0°< x <360°. [5]
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(@  Solve 9 +5=2(3X+1). [5]
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(b)  Solve 2log, [Iogmo(x2 +9) —log,,, x} =-1. [5]
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10

The diagram shows a quadrilateral ABCDE where triangle ABC is similar to triangle
DEC. AB =15 cm, DE =9 cm, angle ACD =90 ° and angle ABC is a variable angle 6,
where 0°< #<90°.

A
15 cm E
9cm
0
N
B C D

(@) Show that the perimeter, P cm, of the quadrilateral is given by
P=24+24sin0+6¢c0s0. [4]
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(b)  Express P in the form Rsin(6+a)+k . [4]

(©) Find the value of & when the perimeter is 38 cm. [2]
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12

A piece of wire 60 cm long is bent to form the shape shown in the figure. This shape
consists of a semi-circular arc, radius, r cm, and an equilateral triangle on the opposite
ends of a rectangle of length 4x cm.

4x
(@) Express x in term of r. [2]

(b) Hence show that the area enclosed, A cm?, is given by
A:60r+r2(\/§—4—%). [3]
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(© Calculate the value of r for which A has a stationary value. Find this value

of A and determine whether it is a maximum or a minimum. [5]
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7 The equation of the curve is y = (2x +1)(\/x—3).

(@)  Show that Y can be written in the form 2X—1% [4]
dx 2/x -3
(b) A particle moves along the curve in such a way that the x-coordinate is
increasing at a constant rate of 3 units per second. Find the rate of change
of ywhenx =7. [2]

FREE TEST PAPERS - FREETESTPAPER.COM


https://freetestpaper.com

15

7 3(6x—11)

4 Ix-3

(© Use the result from (a) to evaluate I dx. [4]
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(a)  Factorise x> —27k® as a product of a linear and a quadratic factor. [2]

(b)  Factorise x*—(3k —1)x—3k . [1]
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()  The equation x*—27k®=x?—(3k —1)x—3k has only 1 real root. Find the set of
values of the constant k. [6]
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9 The equation of the circle, C, is X+ y? —6x+10y—66=0.

(@) Find the coordinates of the centre of C and the radius of C. [4]

(b)  Write down an equation of a vertical tangent to the circle. [1]
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The point A(-5, 1) lies on the circle.

(c)  Find the equation of the tangent to the circle at point A. [3]

(d)  AB is the diameter of the circle and P is the point (0, 6). Explain why the

angle APB is an acute angle. [2]
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The diagram shows part of the curve y = intersecting the y-axis at A(0, 10).

4x+1

The tangent to the curve at the point P(1, 2) intersects the y-axis at B.

yA

A(0, 10)

v
>

(a) Show that the coordinates of B is (0, 3.6).
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(b) Find the exact area of the shaded region. [5]

END OF PAPER
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Answer Key

la
b
c

d

2a

3b

4a

5b

6a

70

7c

8a

10b

130
104
11.6

30
122 -8
J6 -2

4

45°,153.4°,225°,333.4°
0,1.46

1,9

\/6125sin(6 +14.0°) + 24
20.4°

60—4r —rxzr
X=———————
8

r=7.82, A=234, Ais a maximum value.
23.25 unit/s
126

(x—3k)(x2+3kx+9k2)

(x+D(x—-3k)

k<—§0rk>1
9 3

(3,—5), 10 unit
X=—7 or X=13
3y =4x+23

gln5—2.8 unit 2
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1. ALGEBRA

Quadratic Equation
For the equation ax? +bx+c=0,

_ —b++/b? — 4ac

2a

X

Binomial expansion
(a+b)"=a" +[:ja”‘1b+[;]a“‘2b2 +...+(:ja”‘rbr +..+b",

: TR n n! n(n-1..(n—r+1
where 7 is a positive integer and ( j _n(n-9)..( +1)

r)-(n-nirt rl

2. TRIGONOMETRY

Identities
sin? A+cos? A=1
sec? A=1+tan? A
cosec?A=1+cot? A
sin(A+ B) =sin AcosB +cos Asin B
cos(A+B)=cos Acos B xsin Asin B

tan Attan B
l1xtan AtanB

sin2A=2sin Acos A

tan(A+B) =

cos2A=cos® A—sin? A=2cos’ A—1=1—2sin’ A

tan2A= 2ta—n?
1-tan“ A
Formulae for AABC
a b C

sinA sinB  sinC
a® =b? +c? —2bccos A

A =1absinC
2
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An object is heated in an oven until it reaches a temperature of X °C. It is then

allowed to cool. Its temperature, 8°C, when it has cooled for time t minutes,

t
is given by 6 =30+100(0.8) 6.

(@) Find the value of X.

0
X =30+100(0.8) ©
X =130

(b) Find the value of 8 whent = 8.

8
0 =30-+100(0.8) 6
0=104

(©) Find the value of t when 8=95.

95-30+100(0.8) &
65-100(0.8) ®
(0.8) 5 =0.65
19(0.8) & = Ig0.65
%Ig(0.8) —1g0.65

. 61g0.65
1g0.8
t=11.6

Bl

Bl

M1

M1

Al

(d) A sketch of the graph of @ against t is given below.

g°C 4

State the value of p.

p =30

Bl
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A calculator must not be used in this question.

(@) In the diagram, triangle ABC has an area of (8ﬁ+ 4) cm?, angle BAC = % radian

and AB = (2ﬁ+2> cm. Find the length of AC, leaving your answer in the form

(pﬁ+q) cm, where p and q are integers. [5]
A
/
242 +2 L
4
B C

Area = %x AB x AC xsin ZBAC

8@4:%(2@2)(%)[% M1

8\/§+4=%(2+\/§)(AC)
1612 +8=(2++2)(AC)

AC — 16+/2 +8 M1
2+42
168248 2-+/2
= X M1
2442 2-42
32:/2-32+16-82
- M1
4-2
244216
2
=122 -8 Al
(b) Find cos75°, giving your answer in the form \/E;\/B , Where a and b are
integers. [3]
€0s 75° = cos(30° + 45°)
€0s 75° = c0s 30° cos 45° —sin 30°sin 45° M1
COS75°:£><£—1X£ M1
2 2 2 2
€0s 75° */EZ*/E Al
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(@)

()

5

Prove that cosec2x —cot2x =tan x. [3]

1 _cos 2X
sin2x sin2x

COSEC2X —Ccot2X =

COSEec2X — cot 2x =1__Cﬂ M1
sin 2x
2sin® x i
cosec2x—cot2Xx = —M— M1 for either formula
25sIn X oS X
COsec2x —cot2x = sihx
COoS X
cosec2x —cot 2x = tan X AG1
Hence solve cosec2x—cot2x = 2sec® x —3 for 0° < x <360°. [5]

COSec2x —cot 2x = 2sec’ X —3
tan x = 2sec® x—3

tanx=2(1+tan2 x)—3 M1

tanx =2+ 2tan® x—3
2tan’ x—tan x—1=0 M1
(2tanx+1)(tanx-1)=0

tanx=-0.5 or tanx=1 M1
Basic angle =26.6° or =45°

x =180—-26.6°, 360° —26.6° x =45°,180° + 45°

X =45°,153.4°,225°,333.4° Al, Al
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Solve 9% +5= 2(3”1) . [5]

32X+5=2<3X><3)

Let u=3"

u®+5=6u M1
u?—6u+5=0

u-)u-5)=0

u=loru=5 M1
3¥=1lor 3*=5

X= x=:g—2 M1
x=0  x=146 Al Al
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(b)

Solve 210g, [ 109, (X +9) —logp X ] = 1.
2log, [Iogmo(x2 +9)—109,4, x} =1

1
log, [ 10g,4, (x* +9) — 10,0, X | = -

_1
1050005 +9)log ] =4

Iog Q—l
100 X 2
2 H
X9 1002
X
2
X +9:10
X
x? +9=10x
x?—10x+9=0
(x=-D)(x-9)=0

x=1 or x=9

FREE TEST PAPERS - FREETESTPAPER.COM
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5 The diagram shows a quadrilateral ABCDE where triangle ABC is similar to triangle

DEC. AB =15 cm, DE =9 cm, angle ACD =90 ° and angle ABC is a variable angle 6,
where 0°< #<90°.

A
15 cm E
9cm
0
N
B C D

(@) Show that the perimeter, P cm, of the quadrilateral is given by

P =24+24sin0+6cos0. [4]

In AABC, cos@:% M1 either

BC =15co0s @

sinezA—C
15

AC =15sind
In ADCE, cos,9=% Meither

EC =9cos @

sin@ = D—C

DC =9sin@
Therefore P =15+ AE+9+ DB
P =24+15sin@—-9cos@+9sin @+15cos @ M1
P =24+24sin@+6cos@ (shown) a.g. Al
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(b)

(©)

9

Express P in the form Rsin(6+a)+k .

24sin@+6cosd =Rsin(6 + )
R=+/6%2+242 =/612 or 617

6
tana =—
24

a =14.0°
P =/6125sin(0+14.0°) + 24

Find the value of & when the perimeter is 38 cm.

24+/612sin(0 +14.03°) = 38

J612sin(0+14.03°) =14

$in(0+14.03%) = —2_

V612

0+14.03° = 34.46°
0=20.4° (1d.p.)
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A piece of wire 60 cm long is bent to form the shape shown in the figure. This shape
consists of a semi-circular arc, radius, r cm, and an equilateral triangle on the opposite

ends of a rectangle of length 4x cm.

4x

[2]

(@) Express x in term of r.

2(2r) +2(4x) + zr =60 M1
4r + zzr +8x =60
8Xx=60—4r —rxr

X:60—48r—7zr Al

(b) Hence show that the area enclosed, A cm?, is given by
A=60r+r2(J§—4—%) [3]

A=1x2rx2rxsin 60° + 4xx 2r +1;er
2 2 M1 for 2 areas, M2 for all 3 areas

A:2r2><£+8rxw+lm’2
2 8 2
A=\/§r2+60r—4r2—nr2+%7rr2

2 2 1
A=60r+J§r —A4r —Eyrr

A=60r+r’(+/3 —4—%) (shown) AG1
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11

Calculate the value of r for which A has a stationary value. Find this value
of A and determine whether it is a maximum or a minimum.

dA

260+ 2r(3-4-5) M1
dr 2

‘;—A=0360+2r(J§—4—%)=0 M1
,

2r(\/§—4—%):—60

%0
263-4-7)

r

r=7.82cm Al

A= 60(7.815) + (7.815)2(\/3 -4 —%)

A =234 cm? Al

2
A _(3-4-Ty<0
dr 2 Al

Therefore, the area is maximum
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7 The equation of the curve is y = (2x +1)(\/x—3).

()

(b)

d
dy
dx
dy
dx

dy
dx

dy _

Show that ﬂcan be written in the form bx 11 )
dx 24/x-3
1 1
=(2x+)x= (x 3) 2+(x 3)2(2) M1, M1
1
2(x 3) 2 ((2x+1)+4(x—3))
1 l
2(x 3) 2 (2x+1+4x-12) M1
1 1
2(x 3) 2(6x 11)
6x-11
- AG1
24x-3

dx

A particle moves along the curve in such a way that the x-coordinate is
increasing at a constant rate of 3 units per second. Find the rate of change

of ywhenx=7.

dy
dt
dy _
dt

dy

_dy o
dx dt
6(7)-11
x3 M1
247 —
=23.25 unit/s Al
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(©)

Use the result from (a) to evaluate j

I7 (6x—-11)
4 2\/7

6]’7
f

(6x 11)

13

3(6x-11) dx .

=
dx = [(2x+1)¢ﬁ}4

dx = 6[(2x+1)\/7]

= 6] (27) +DV7-3-(2(4) +1)/4-3 |

=126
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(@)

(b)

(©)

14

Factorise X° —27k>as a product of a linear and a quadratic factor. [2]
(x—3k)(x2+3kx+9k2) B1, B1
Factorise x* —(3k —1)x—3k . [1]
(x+1)(x—-3k) B1

The equation x®—27k® = x? — (3k —1)x— 3k has only 1 real root. Find the set of values
of the constant k. [6]

X3 —27k3 = x? - (3k —1)x -3k

(x—3k)(x2 +3kx+9k2)=(x+1)(x—3k) M1

(x—3k)(x2 +3kx+9k2)—(x+1)(x—3k) =0

(x—3k)(x2 + (3K —1)x +9k> —1)=o M1

Since only 1 real root

(3k —1)> —4(9k* -1) <0 M1

9k -6k +1-36k>+4<0

—27k*> -6k +5<0 M1

27k* +6k—-5>0

9k +5)(3k-1) >0 M1 for —g and %seen

k < > ork > 1 Al
9 3
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The equation of the circle, C, is x* + y? —6x+10y—66=0.

(@) Find the coordinates of the centre of C and the radius of C.

Centre = (_—6 , E]
-2 =2

Centre is(3,—5)

Radius =+/(3)% +(~5)% — (—66)
=10 units

(b)  Write down an equation of a vertical tangent to the circle.

X=—7 or Xx=13
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The point A(-5, 1) lies on the circle.

(c)  Find the equation of the tangent to the circle at point A.

[3]
me 1-(-5) M1
-5-(3)
Man =2
AB T T
. 1 4
Gradient of tangent m,g = 373
4
4 M1
y-1=2(x-(-5)
3y—-3=4x+20
3y =4x+23 Al
(d)  AB s the diameter of the circle and P is the point (0, 6). Explain why the
angle APB is an acute angle. [2]

Distance of P from centre \/(3—0)2 +(-5-6)? =+/130 >10 M1
P is outside the circle, angle APB is an acute angle Al
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The diagram shows part of the curve y =

4x+1

intersecting the y-axis at A(0, 10).

The tangent to the curve at the point P(1, 2) intersects the y-axis at B.

yA

A(0, 10)

(@) Show the coordinates of B is (0, 3.6).

10 1
=——=10(4x +1
y 4x+1 ( )

Y _ —10(4x+1)2(4)
dx

dy _ —40(4x+1)72
dx

When x =1 % =—40(4(1) +1) 2
X

Y_ 16
dx
Y=2_ 156
0-1
y—2=1.6
y=3.6

Coordinate of B is (0, 3.6)
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(b)

18

Find the exact area of the shaded region.

1
Area = I
0

1
Area = {M} -2.8
4 0

Area {10 In(4+1) 10In(1) } o8

10
4x+1

dx—%(3.6+2)(1)

4 4

Area = gln 5—2.8 unit 2

[5]

M1, M1

M1

M1

Al
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